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現代物理学における巨大なデータと情報圧縮



Huge data in physics 
（イントロなのでふんわり分かればOK!）



Huge data in physics

Many-body problems in physics
• Celestial movement 
• Gases, Liquids  
• Molecules, Polymers (eg. Proteins), ... 
• Electrons in molecules and solids 
• Elemental particles (Quantum Chromo Dynamics)

In these problems, "systems" contain huge degrees of freedoms:

6N-dimensional phase space for classical mechanics
O(eN)-dimensional Hilbert space for quantum system

（天体運動）

（量子色力学）



Complex particle system

165101-4 Andoh et al. J. Chem. Phys. 141, 165101 (2014)

FIG. 1. A snapshot of the equilibrated poliovirus capsid in electrolyte so-
lution. VP1, VP2, VP3, and VP4 are shown in blue, red, green, and gray,
respectively. Water molecules and ions are shown in pink.

a wall or barrier against water molecules along the path in this
direction. Connecting the regions in all directions, a closed
shell including both permeable and impermeable regions is
obtained. Furthermore, the shell may be represented by a sur-
face that chooses one point along r for every θ and φ such
that the surface formed by connecting the points is smooth.
The surface may be considered to be a boundary that divides
the space into the inside and outside of the capsid from the
viewpoint of water penetration. The shape of this boundary
is a little complicated and reflects the complex inner struc-
ture of the capsid proteins (see Fig. S7 in the supplementary
material36). In the present study, transfer of a water molecule
from one side to the other was defined by crossing this bound-

FIG. 2. Exchange of water molecules in equilibrium between the inside
and outside of the capsid. A stroboscopic picture of penetration of a water
molecule along a threefold rotational symmetry axis.

FIG. 3. The accumulated number of water molecules that passed through
the capsid from the inside to the outside (red circle) and from the outside to
the inside (green square) defined by the number of water molecules that were
located in one side of the capsid at t = 100 ns and found in the opposite side at
t = t (upper panel), and its increment for 10 ns at t = t (lower panel). The error
of the rate represents the standard deviation (SD) of nine measurements of
the rate from the increment in the lower panel excluding the initial increment
from t = 100 ns to 110 ns.

ary. A width of ±0.2 nm was considered for the boundary as
a buffer zone in order to avoid overestimation of the water
transfer by the migration around it discussed below.

We counted the number of water molecules that were lo-
cated in the inside or outside of the capsid at t = 100 ns and
were found at t = t on the opposite side of the border, i.e.,
on the outside or inside, respectively. As shown in Fig. 3, the
accumulated number of water molecules N(t) moving from
the inside of the capsid to the outside plotted as a function
of time t (red) is almost the same as that from the outside
to the inside (green). Thus, the number of water molecules
crossing the capsid in both directions is the same. This indi-
cates that the system is in equilibrium, i.e., the chemical po-
tential of the water molecules is the same inside and outside
the capsid. The plots show linear relationships. The slope of
the straight lines or the increment #N(t) of N(t) gives the rate
of water transfer between the inside and outside of the capsid.
The averaged exchange rate was 8 ± 2 ns−1. Extrapolation of
the straight lines to t = 0 does not give a zero intercept; that
is, the initial increment #N(t) from t = 100 ns to 110 ns is
greater than that at larger t. This reflects an overestimation of
the number of transfers caused by oscillatory migration of wa-
ter molecules around the boundary and the uncertainty of the
boundary resulting from fluctuations of the principal chains
and side chains of the capsid proteins. Thus, the slope has a
definite physical meaning even though the value of the ordi-
nate includes an offset. This effect was removed in the evalu-
ation of the rate by excluding the initial #N(t), from t = 100
ns to 110 ns, from the average.

According to this exchange rate, all water molecules in-
side the capsid (about 200 000 molecules) move out to the out-
side and are replaced by water molecules from the outside in
about 25 µs. This implies that the capsid can respond to even
a shock wave or a high-frequency wave by promptly equal-
izing hydrostatic pressure from both the inside and outside
of the capsid by transferring water molecules between them.

Eg. Poliovirus capsid in electrolyte solution 

Y. Ando et al, J. Chem. Phys. 141, 165101(2014).
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cated in the inside or outside of the capsid at t = 100 ns and
were found at t = t on the opposite side of the border, i.e.,
on the outside or inside, respectively. As shown in Fig. 3, the
accumulated number of water molecules N(t) moving from
the inside of the capsid to the outside plotted as a function
of time t (red) is almost the same as that from the outside
to the inside (green). Thus, the number of water molecules
crossing the capsid in both directions is the same. This indi-
cates that the system is in equilibrium, i.e., the chemical po-
tential of the water molecules is the same inside and outside
the capsid. The plots show linear relationships. The slope of
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of water transfer between the inside and outside of the capsid.
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is, the initial increment #N(t) from t = 100 ns to 110 ns is
greater than that at larger t. This reflects an overestimation of
the number of transfers caused by oscillatory migration of wa-
ter molecules around the boundary and the uncertainty of the
boundary resulting from fluctuations of the principal chains
and side chains of the capsid proteins. Thus, the slope has a
definite physical meaning even though the value of the ordi-
nate includes an offset. This effect was removed in the evalu-
ation of the rate by excluding the initial #N(t), from t = 100
ns to 110 ns, from the average.

According to this exchange rate, all water molecules in-
side the capsid (about 200 000 molecules) move out to the out-
side and are replaced by water molecules from the outside in
about 25 µs. This implies that the capsid can respond to even
a shock wave or a high-frequency wave by promptly equal-
izing hydrostatic pressure from both the inside and outside
of the capsid by transferring water molecules between them.

Poliovirus capsid Dynamics of water molecules

Long-range coulomb interaction

6.5 million atoms

（ポリオウイルス　カプシド） （電解質溶液）

（クーロン相互作用）



Localized electrons as quantum spin systems

Eg. Antiferromagnetic Mott insulator Na2IrO3

Y. Singh and P. Gegenwart, Physical Review B 82, 064412 (2010)

To grow single crystals of Na2IrO3, the above pellet of
Na2IrO3 obtained at 900 °C was reground and pelletized and
heated to 1050 °C in 5 h, kept at this temperature for 72 h,
slowly !10 °C /hr" cooled to 900 °C and then quenched in
air. Shiny plate-like single crystals of typical dimensions
1.5!1.2!0.1 mm3 were found to grow on top of a semi-
melted pellet. To optimize the growth, attempts to grow crys-
tals similarly at temperatures between 1000 °C and 1150 °C
were attempted. Crystals were not found to grow below
about 1000 °C and above about 1100 °C. Thus, T
=1050 °C seems to be the optimal growth temperature. The
structure and composition of the polycrystalline and single
crystalline Na2IrO3 samples were analyzed using powder
x-ray diffraction !XRD" and chemical analysis using energy
dispersive x-ray analysis measured with a Philips scanning
electron microscope !SEM". The XRD patterns were ob-
tained at room temperature using a Rigaku Geigerflex dif-
fractometer with Cu K" radiation, in the 2# range from 10°
to 90° with a 0.02° step size. Intensity data were accumu-
lated for 5 s per step. Dc electrical transport was measured
on a home built setup using the four probe technique. The
isothermal magnetization M!H" and static magnetic suscep-
tibility $!T" were measured using a commercial supercon-
ducting quantum interference device magnetometer
!MPMS5, Quantum Design" and the heat capacity C!T" was
measured using a commercial physical property measure-
ment system !PPMS5, Quantum Design".

The magnetic measurements were performed on two
kinds of samples. The M!H" and $!T" were measured on a
collection of randomly oriented crystals with total mass m
=86.34 mg and the anisotropic $!T" data were measured on
a collection of six coaligned crystals of total mass m
=8.54 mg. The heat capacity C!T" was measured on a col-
lection of four crystals of total mass m=6.83 mg. The mag-
netic and thermal properties of the polycrystalline Na2IrO3
synthesized at 900 °C were dominated by disorder effects
showing a spin-glass like behavior at low temperatures.
Therefore, physical properties of only the high quality single
crystals are reported in the following as they most likely
represent the intrinsic behavior of Na2IrO3. The polycrystal-
line sample, along with the single crystals, is used only for
structural characterization.

III. RESULTS

A. Crystal structure and chemical analysis

Powder x-ray diffraction !PXRD" scans of polycrystalline
Na2IrO3 synthesized at 900 °C are shown in Fig. 2!a". All
the lines in the PXRD pattern could be indexed to the mono-
clinic C2 /c !No. 15" structure. Several A2TO3 !A=Li, Na,
and T=Mn, Ru, Ir, and Pd" type materials are known to
adopt a similar structure.17–20 The structure is made up of
layers containing only the A atoms alternating with AT2O6
layers stacked along the c axis as shown in Fig. 1!a" for
Na2IrO3. Within the NaIr2O6 layers the edge sharing IrO6
octahedra form a honeycomb lattice as shown in Fig. 1!b".
The Na atoms occupy voids between the IrO6 octahedra. It is
known that polycrystalline samples of these materials com-
monly posses a large amount of disorder arising from faults

in the stacking of the AT2O6 layers. This leads to anisotropic
line shapes in the x-ray diffraction patterns and reduced in-
tensities of peaks between about 2#=20° –35°.17 To account
for the effect of this stacking disorder in Rietveld refine-
ments of the powder x-ray data, site mixing between the A
and T sites within the AT2O6 layers have been
introduced.17,19,20 We have used a similar approach. Rietveld
refinements,21 shown in Fig. 2!a", of the x-ray pattern gave
the unit-cell parameters a=5.4198!5" Å, b=9.3693!3" Å
c=10.7724!7" Å, and %=99.568!23"° for polycrystalline
Na2IrO3. The fractional atomic positions, occupancies, iso-
tropic thermal factors, and the reliability parameters Rwp and
Rp obtained from the Rietveld refinement are given in Table
I. We find that a substantial !#15%" site mixing between Ir
and Na within the NaIr2O6 layers is required to fit the x-ray
patterns indicating a large amount of atomic or stacking dis-
order. The introduction of site disorder allows the intensities
of peaks between 2#=20° –35° to be fit quite well, however,
the peak profiles are still poorly fit. This leads to large reli-
ability factors as listed in Table I. For a complete structural
analysis, stacking faults have to be incorporated in the fits of
the x-ray patterns as was done, for example, for Li2MnO3.17

PXRD scans of crushed single crystals showed large pre-
ferred orientation along c axis as expected for a layered ma-
terial and peaks other than !00l" were much lower in inten-
sity compared to the !00l" lines. However, when plotted on a
semi-log plot all the lines in the x-ray patterns could be
indexed to the monoclinic C2 /c !No. 15" structure. The
PXRD data of crushed single crystals is shown in Fig. 2!b"
inset along with the peak positions expected for the mono-
clinic C2 /c !No. 15" structure. Due to the large preferred
orientation a Rietveld refinement of the PXRD pattern for
crushed single crystals was not possible. However, from fit-
ting the peak positions we obtain the lattice parameters a
=5.4262!7" Å, b=9.3858!6" Å, c=10.7688!6" Å, and %
=99.580!15"° for Na2IrO3 single crystals. These values are

FIG. 1. !Color online" The crystallographic structure of
Na2IrO3. The Na, Ir, and O atoms are shown as blue !black", red
!dark gray", and yellow !light gray" spheres, respectively. !a" The
view perpendicular to the c axis showing the layered structure with
layers containing only Na atoms alternating slabs of NaIr2O6
stacked along the c axis. The IrO6 octahedra are shown in pink with
the !red" Ir atoms sitting in the middle. !b" One of the NaIr2O6 slabs
viewed down the c axis to highlight the honeycomb lattice of Ir
atoms within the layer. The Na atoms occupy voids between the
IrO6 octahedra.

YOGESH SINGH AND P. GEGENWART PHYSICAL REVIEW B 82, 064412 !2010"

064412-2

Si : spin operator

（モット絶縁体）（反強磁性）



Why we need information compression?

Examples:

1. We can not understand huge information directly. 

We try to characterize "systems" thorough 
a few parameters.

Systems are characterized by thermodynamic quantities,
Thermodynamics:

Internal energy, Entropy, Pressure, Volume, Particle number,...
Critical phenomena:

Critical systems are characterized by a few critical exponents.
（臨界指数）



Why we need information compression?

2. We can not treat entire data in the present computers.

Available memories in the present computers:

Personal computers: ~10 GB

Super computers: ~100 GB / node

~1 PB   
(whole system)

Double precision real number  
= 8 Bite
~109

~1010

~1014

Notice: In quantum system, the size of Hilbert space is O(eN)

K@RIKEN,  
Oakforest-PACS@UTokyo  
and Tsukuba Univ, 
Sekirei@ISSP, UTokyo 
...



Why we need information compression?

2. We can not treat entire data in the present computers.

Try to reduce the "effective" dimension of  
(Hilbert) space.

By taking proper basis set,  
we can represent a quantum state efficiently.

• Krylov subspace 
• Matrix product state 
• Tensor network states 
• ...



Examples of information compression 1

Krylov subspace
linear subspace generated by a square matrix (M) and a vector (v) as

For quantum many body problems:
:Hamiltonian
:wavevector

Solve the eigenvalue problem within  
a restricted space (Krylov subspace)

Lanczos method, Arnoldi method
* In these method, we do not necessarily need explicit matrix.
It is enough to know the result of matrix vector multiplication.



Examples of information compression 2
Compression of an image

Original

Compressed

# of "singular values"

image = matrix



Examples of information compression 2

Compression of a color image

Original

About 10% compressed

SVD

HOSVD

image = tensor



Examples of information compression 3

Wave function:

 N-rank tensor

(or Vector)

# of Elements＝2N

T

m1 m2 m3 m4 m5

Approximation as 
 a product of "matrices"

Matrix Product States (行列積状態)

：Matrix for state m

m1 m2 m3 m4 m5

or 
（波動関数）

（Tensor train decomposition）



Singular value decomposition （特異値分解）

(half) unitary
For a K × L matrix M, 

Singular values:

Singular vectors:

Singular value decomposition (SVD):

Diagonal

By taking only several larger singular values, 
 we can approximate M as a lower rank matrix.



Examples of information compression 3

Wave function:

 N-rank tensor

(or Vector)

# of Elements＝2N

T

m1 m2 m3 m4 m5

Approximation as 
 a product of "matrices"

Matrix Product States (行列積状態)

：Matrix for state m

m1 m2 m3 m4 m5

or 
（波動関数）

（Tensor train decomposition）



Example of MPS: AKLT state

…

S=1 Affleck-Kennedy-Lieb-Tasaki (AKLT) Hamiltonian:

The ground state of AKLT model:

Spin singlet

S=1 spin:

S=1/2 spin

(U. Schollwock, Annals. of Physics 326, 96 (2011))χ=2 iMPS:

<latexit sha1_base64="yVh46hI6V0gjzAzAgoi6BBoWKpQ="></latexit>



Application of MPS to data science

Tensor train (TT)  and tensor ring (TR) decompositions for real data.

Q. ZHAO et al. TENSOR RING DECOMPOSITION 10

TABLE 2
The results under different shifts of dimensions on functional data f2(x) with error bound setting to 10�3 . For the 10th-order tensor, all 9

dimension shifts were considered and the average rank r̄ as well as the number of total parameters Np are compared.

r̄ Np

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9
TT-SVD 5.2 5.8 6 6.2 7 7 8.5 14.6 8.4 1512 1944 2084 2144 2732 2328 3088 10376 3312
TR-SVD 5.2 5.8 5.9 6.2 9.6 10 14 12.7 6.5 1512 1944 2064 2144 4804 4224 9424 7728 2080
TR-ALS 5 5 5 5 5 5 5 5 5 1360 1360 1360 1360 1360 1360 1360 1360 1360

TR-ALSAR 5.5 6.6 6.2 5.2 5.3 5.8 6.9 5.3 4.7 1828 2064 1788 1544 1556 1864 2832 1600 1324
TR-BALS 5 4.9 5 4.9 4.9 5 5 4.8 4.9 1384 1324 1384 1348 1348 1384 1384 1272 1324

However, the TR-ranks are usually unknown in practice,
we must resort to TR-ALSAR and TR-BALS that can adapt
TR-ranks automatically based on the error tolerance. As
compared with TR-ALSAR, TR-BALS can obtain more com-
pact representation together with smaller relative errors. In
addition, TR-BALS can even outperform TR-ALS in several
cases, implying that TR-ranks obtained from TR-SVD are
not always the optimal one. More detailed results can be
found in Table 2. These experiments demonstrate that TR
decomposition is stable, flexible and effective for general
data, while TT decomposition has strict limitations on data
organization. Therefore, we can conclude that TR model is a
more generalized and powerful representation with higher
compression ability as compared to TT.

In the next experiment, we consider higher order tensors
which are known to be represented well by TR model. We
simplify the TR-ranks as r1 = r2 = · · · = rd that are
varied from 1 to 4, n1 = n2 = · · · = nd = 4 and d = 10.
The cores, Gk, (k = 1, . . . , d), were drawn from the normal
distribution, which are thus used to generate a 10th-order
tensor. We firstly apply different algorithms with the setting
of ✏p = 10�3 to T generated by using different ranks.
Subsequently, we also consider Gaussian noise corrupted
tensor T +N (0,�2) with SNR=40dB and apply these algo-
rithms with the setting of ✏p = 10�2. As shown in Table 3,
the maximum rank of TT-SVD increases dramatically when
the true rank becomes larger and is approximately r2true,
which thus results in a large number of parameters Np (i.e.,
low compression ability). TR-SVD performs similarly to TT-
SVD, which also shows low compression ability when the
true rank is high. For TR-ALS, since the true rank is given
manually, it shows the best result and can be used as the
baseline to evaluate the other TR algorithms. In contrast to
TT-SVD and TR-SVD, both TR-ALSAR and TR-BALS are
able to adapt TR-ranks according to ✏p, resulting in the
significantly lower rank reflected by rmax and lower model
complexity reflected by Np. As compared to TR-BALS, TR-
ALSAR is prone to overestimate the rank and computation
cost is relatively high. The experimental results show that
TR-BALS can learn the TR-ranks correctly in all cases, and
the number of parameters Np are exactly equivalent to the
baseline, meanwhile, the running time is also reasonable.
For the noisy tensor data, we observe that TT-SVD and TR-
SVD are affected significantly with rmax becoming 361 and
323 when true rank is only 1, which thus results in a poor
compression ability. This indicates that TT-SVD and TR-SVD
are sensitive to noise and prone to overfitting problems. By
contrast, TR-ALS, TR-ALSAR, and TR-BALS obtain impres-

sive results that are similar to that in noise free cases. TR-
ALSAR slightly overestimates the TR-ranks. It should be
noted that TR-BALS can estimate the true rank correctly
and obtain the best compression ratio as TR-ALS given
true rank. In addition, TR-BALS is more computationally
efficient than TR-ALSAR. In summary, TT-SVD and TR-
SVD have limitations for representing the tensor data with
symmetric ranks, and this problem becomes more severe
when noise is considered. The ALS algorithm can avoid this
problem due to the flexibility on distribution of ranks. More
detailed results can be found in Table 3.

6.2 COIL-100 dataset

Fig. 3. The reconstruction of Coil-100 dataset by using TRSVD. The
top row shows the original images, while the reconstructed images are
shown from the second to sixth rows corresponding to ✏=0.1, 0.2, 0.3,
0.4, 0.5, respectively.

In this section, the proposed TR algorithms are evalu-
ated and compared with TT and CP decompositions on
Columbia Object Image Libraries (COIL)-100 dataset [56]
that contains 7200 color images of 100 objects (72 images
per object) with different reflectance and complex geometric
characteristics. Each image can be represented by a 3rd-
order tensor of size 128⇥ 128⇥ 3 and then is downsampled
to 32 ⇥ 32 ⇥ 3. Hence, the dataset can be finally organized
as a 4th-order tensor of size 32 ⇥ 32 ⇥ 3 ⇥ 7200. In Fig. 3,
we show the reconstructed images under different relative
errors ✏ 2 {0.1, . . . , 0.5} which correspond to different set
of TR-ranks rTR. Obviously, if rTR are small, the images
are smooth and blurred, while the images are more sharp
when rTR are larger. This motivates us to apply TR model
to extract the abstract information of objects by using low-
dimensional cores, which can be considered as the feature

COIL-100 dataset  = 32 x 32 x 3 x 7200 tensor
(Q. Zhao, et al arXiv:1606.05535)

Compression by tensor ring decomposition.
Q. ZHAO et al. TENSOR RING DECOMPOSITION 12

TABLE 4
The comparisons of different algorithms on Coil-100 dataset. ✏, rmax,r̄

denote relative error, the maximum rank and the average rank,
respectively. For classification task, the ratio of training samples

⇢ = 50%, 10% were considered.

✏ rmax r̄
Acc. (%)
(⇢ = 50%)

Acc. (%)
(⇢ = 10%)

CP-ALS

0.20 70 70 97.46 80.03
0.30 17 17 97.56 83.38
0.39 5 5 90.40 77.70
0.47 2 2 45.05 39.10

TT-SVD

0.19 67 47.3 99.05 89.11
0.28 23 16.3 98.99 88.45
0.37 8 6.3 96.29 86.02
0.46 3 2.7 47.78 44.00

TR-SVD

0.19 23 12.0 99.14 89.29
0.28 10 6.0 99.19 89.89
0.36 5 3.5 98.51 88.10
0.43 3 2.3 83.43 73.20

TR-ALS

0.20 23 12.0 95.10 70.38
0.30 10 6.0 97.32 80.71
0.40 5 3.5 95.77 79.92
0.47 3 2.3 65.73 52.25

TR-ALSRA
0.20 51 16.2 79.49 60.18
0.30 11 6 93.11 79.48
0.39 4 3 83.67 66.50
0.47 2 2 76.02 62.79

TR-BALS 0.19 31 11 96.00 72.75
0.29 13 7 96.41 74.32
0.40 4 2 94.68 84.22
0.45 2 1.5 88.30 76.86

Fig. 5. The six examples of reconstructed video sequences by TR-BALS
with ✏ = 0.27, rmax = 24, r̄ = 13.3. The classification accuracy is
87.0% by using the cores obtained from TR-BALS.

In this section, we test the TR decompositions on KTH
video database [57] containing six types of human actions
(walking, jogging, running, boxing, hand waving and hand
clapping) performed several times by 25 subjects in four
different scenarios: outdoors, outdoors with scale variation,
outdoors with different clothes and indoors as illustrated
in Fig. 4. There are 600 video sequences for each combina-
tion of 25 subjects, 6 actions and 4 scenarios. Each video
sequence was downsampled to 20⇥20⇥32. Finally, we can
organize the dataset as a tensor of size 20 ⇥ 20 ⇥ 32 ⇥ 600.
We apply TR decompositions to represent the whole dataset
by a set of 3rd-order TR cores, which can be also considered
as the feature extraction or dimension reduction approach,
and compare with TT and CP decompositions in terms
of compression ability and classification performance. For
extensive comparisons, we choose different error bound
✏p 2 {0.2, 0.3, 0.4} for tensor decompositions. In Table 5, we
can see that TR representations achieve better compression

TABLE 5
The comparisons of different algorithms on KTH dataset. ✏ denotes the

obtained relative error; rmax denotes maximum rank; r̄ denotes the
average rank; Nf denotes the total number of extracted features, and

Acc. is the classification accuracy.

✏ rmax r̄ Nf Acc. (5⇥ 5-fold)

CP-ALS
0.20 300 300 300 80.8 %
0.30 40 40 40 79.3 %
0.40 10 10 10 66.8 %

TT-SVD

0.20 139 78.0 139 84.8 %
0.29 38 27.3 36 83.5 %
0.38 14 9.3 9 67.8 %

TR-SVD
0.20 99 34.2 297 78.8 %
0.29 27 12.0 81 87.7 %
0.37 10 5.8 18 72.4 %

TR-ALS 0.30 27 12.0 81 87.3 %
0.39 10 5.8 18 74.1 %

TR-ALSRA 0.29 29 16.0 39 82.3 %
0.39 8 5.3 16 74.1 %

TR-BALS 0.27 24 13.3 100 87.0 %
0.40 11 6 44 82.9 %

ratio reflected by smaller rmax, r̄ than that of TT-SVD, while
TT-SVD achieves better compression ratio than CP-ALS. For
instance, when ✏ ⇡ 0.2, CP-ALS requires rmax = 300,
r̄ = 300; TT-SVD requires rmax = 139, r̄ = 78, while TR-
SVD only requires rmax = 99, r̄ = 34.2. For comparisons of
different TR algorithms, we observe that TR-BALS outper-
forms the other algorithms in terms of compression ability.
However, TR-ALSRA and TR-BALS cannot approximate
data with any given error bound. For classification perfor-
mance, we observe that the best accuracy (5 ⇥ 5-fold cross
validation) achieved by CP-ALS, TT-SVD, TR-SVD, TR-ALS,
TR-ALSAR, TR-BALS are 80.8%, 84.8%, 87.7%, 87.3%, 82.3%,
87.0%, respectively. Note that these classification perfor-
mances might not be the state-of-the-art on this dataset,
however, we mainly focus on the comparisons among CP,
TT, and TR decomposition frameworks. To obtain the best
performance, we may apply the specific supervised feature
extraction methods to TT or TR representations of dataset.
It should be noted that TR decompositions achieve the best
classification accuracy when ✏ = 0.3, while TT-SVD and CP-
ALS achieve their best classification accuracy when ✏ = 0.2.
This indicates that TR decomposition can preserve more
discriminant information even when the approximation er-
ror is relatively high. Fig. 5 illustrates the reconstructed
video sequences by TR-BALS, which corresponds to its best
classification accuracy. Observe that although the videos
are blurred and smooth, the discriminative information for
action classification is still preserved. The detailed results
can be found in Table 5. This experiment demonstrates that
TR decompositions are effective for unsupervised feature
representation due to their flexibility of TR-ranks and high
compression ability.

7 CONCLUSION

We have proposed a tensor decomposition model, which
provides an efficient representation for a large-dimensional
tensor by a sequence of low-dimensional cores. The number
of parameters is O(dnr2) that scales linearly to the tensor or-
der. To optimize the latent cores, we have presented four dif-

Rankerror



Examples of tensor decompositions

MPS: Good for 1d gapped systems

Scale invariant systemsRG

PEPS, TPS:

MERA:

For higher dimensional systems
Extension of MPS

(1d correlation in data)

(higher correlation in data)

（スケール不変）



Real space renormalization（実空間繰り込み）

Approximation 
by SVD

"Contraction" to  
a new tensor

Corse graining of a tensor network representing a scaler.



Example of calculation
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FIG. 4. (Color online) Comparison of the relative errors of free
energy with respect to the exact results for the 2D Ising model
obtained by various methods with D = 24. The critical temperature
Tc = 2/ ln(1 +

√
2).

is already less than 10−7 even at the critical temperature,
much more accurate than the TRG result.7,8 The HOSRG also
performs better than the SRG. But the difference in the results
obtained by these two methods is relatively small around the
critical point. The HOTRG is less accurate than the two SRG
methods, but it is computationally economic. The difference
between TRG/SRG and HOTRG/HOSRG lies mainly in the
basis truncation scheme. The former is based on the SVD,
while the latter is based on the HOSVD. The above comparison
indicates that the HOSVD scheme works better.

III. THREE-DIMENSIONAL SYSTEMS

The above HOTRG and HOSRG methods can be readily
extended to three dimensions. This is an advantage of the
coarse-graining scheme proposed here. On the cubic lattice, a
full cycle of lattice contraction needs to be done in three steps,
along the x axis, y axis, and z axis, respectively. At each step,
two neighboring tensors will be combined to form a single
coarse-grained tensor and the lattice size is reduced by a factor
of 2.

As an example, Fig. 5 shows how the tensors are contracted
along the z axis. The HOSVD of the coarse-grained local
tensor [Fig. 5(b)] can be similarly done as for the 2D case. But
the local tensor now has six bond indices and a HOSVD for a
higher-order tensor should be done. Moreover, the basis spaces
for both the x-axis and y-axis bonds need to be renormalized.
Thus we should determine from the core tensor and the unitary
matrices of M (n) not only the transformation matrix for the
x-direction bonds U (n), but also the transformation matrix
for the y-direction bonds V (n). After that the dimensions for
both x-axis and y-axis bonds are truncated and the local
tensor is updated using U (n) and V (n). The contraction and
renormalization of tensors along the other two directions can
be similarly done. This three-step iteration can then be repeated
until the results are converged.

After the above HOTRG iteration, one can also do a
backward iteration to evaluate the environment tensors and
carry out the HOSRG calculation in three dimensions. A
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U(n) U(n)
V(n)
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FIG. 5. (Color online) (a) A HOTRG coarse-graining step along
the z axis on the cubic lattice. (b) Steps of contraction and
renormalization of two local tensors.

graphical representation for iteratively determining the envi-
ronment tensor in this backward iteration is shown in Fig. 6.
A series of forward-backward iterations is then performed
to take into account the second renormalization effect of the
environment to the coarse-grained tensors. In the subsequent
forward iterations, we evaluate and diagonalize the bond
density matrix (see Fig. 7) and update the coarse-grained
tensors. The environment tensors are evaluated again in the
backward iteration.

In the 3D calculation, the computational time scales with
D11 and the memory scales with D6. This cost in the
computational resource is significantly smaller than in other
3D numerical RG methods.11–17,19 We have studied the 3D
Ising model using the HOTRG for D up to 16.

The temperature dependence of the internal energy U and
the specific heat C for the 3D Ising model obtained by the
HOTRG with D = 14 is shown in Fig. 8 and compared with
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FIG. 6. (Color online) Graphical representation for the deter-
mination of the environment tensor E

(n)
mnjiuk from E

(n+1)
lrf bud in three

dimensions.
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FIG. 7. (Color online) Graphical representation for the determi-
nation of the bond density matrix ρ(n)

zw,xy from the environment tensor
E

(n+2)
lrf bud in three dimensions.

the Monte Carlo result.27 Our result for the specific heat agrees
with the Monte Carlo one. At the critical temperature, Tc =
4.511544, the internal energy is found to be Uc = −0.995592
for D = 14. This value of Uc, as shown in Table I, also agrees
well with other published data.

From the temperature dependence of the specific heat
around the critical point, one can estimate the critical exponent
of the specific heat with the formula,

C ∼ t−α, (16)

where t = |1 − T/Tc|. However, as the specific heat data are
obtained simply from the numerical derivative of the internal
energy, the accuracy of the specific heat data is much less than
that of the internal energy, especially around the critical point.
This causes a big error in the determination of the exponent α
with the above formula. This problem can be solved by directly
evaluating this exponent from the temperature dependence of
the internal energy. From the temperature integration of the
specific heat, it is simple to show that the internal energy
should exhibit the following critical behavior:

U = Uc + at + bt1−α, (17)

FIG. 8. (Color online) The internal energy and the specific heat
for the 3D Ising model obtained by the HOTRG with D = 14.
The Monte Carlo result (black curve) obtained from an empirical
fit formula given in Ref. 27 is shown for comparison.

TABLE I. Comparison of the internal energy at the critical
temperature Uc for the 3D Ising model obtained by different methods.

Method Uc

HOTRG (D = 16) − 0.990842(3)
Series expansion30 − 0.991(1)
Series expansion31 − 0.9902(1)
Series expansion32 − 0.99218(15)
Monte Carlo27 − 0.990604(4)
Monte Carlo33 − 0.9904(8)
Monte Carlo34 − 0.990(4)

where a and b are unknown parameters which can be
determined by fitting.

Figure 9 shows the fitting curves for the internal energy
around the critical point obtained with Eq. (17). The critical
exponent is found to be α = 0.1023 and 0.1137 for the tem-
perature higher and lower than the critical value, respectively.
These values of the critical exponent are consistent with the
result obtained from the series expansion,28 0.104, and the
Monte Carlo calculation,29 0.111.

Figure 10 shows the temperature dependence of the sponta-
neous magnetization M obtained by the HOTRG with D = 14.
Our data agree well with the Monte Carlo results.35 From the
singular behavior of M , we find that the critical temperature
Tc = 4.511615 for D = 14. Furthermore, by fitting the data of
M in the critical regime with the formula,

M ∼ tγ , (18)

we find that the exponent γ = 0.3295, consistent with the
Monte Carlo29 (0.3262) and series expansion36 (0.3265)
results.

Figure 11 shows the critical temperature Tc determined
from the singular points of the internal energy as well as the
magnetization for D up to 16. The values of Tc obtained from
these two quantities agree with each other. For D = 16, Tc

obtained from the internal energy and the magnetization are
4.511544 and 4.511546, respectively. The relative difference
is less than 10−6. But Tc does not vary monotonically with

FIG. 9. (Color online) The internal energy (D = 14) and its fitting
curves with Eq. (17) around the critical point for the 3D Ising model.
α is the critical exponent for the specific heat.
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Energy and specific heat of 3D Ising model

Ising model in infinite size

Partition function = tensor network 



Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



Examples of many body problems: 
格子スピン模型と統計力学



相転移
• 温度や圧力等の“パラメタ”を変えると 
自由エネルギーに異常（特異点）が 
現れる場合がある。→相転移 

• 相転移で区別された状態＝相 

• 水だと、常圧で温度を下げると 
気体→液体→固体の３つの相が出現

温度

圧力 臨界点

三重点

液体
固体

気体

物性物理の研究対象の一つ
• どんな相があるか？ 

• 長距離秩序、トポロジカル秩序、… 
• それらを分ける相転移の性質は？



磁性体（スピン模型）の相
典型的には２つの相が存在

磁気秩序相 無秩序相

強磁性

反強磁性

相転移

実際の物質や複雑なスピン模型では、 
多種多様な磁気秩序が生じる



１次転移と２次転移
• 相転移には大きく分けて不連続転移と連続転移が存在 

• 不連続転移： 
相転移で自由エネルギーの１階微分が不連続に変化＝１次転移 

• 例：液体⟷固体の相転移…. 

• 連続転移： 
自由エネルギーの１階微分は連続に変化 

• 多くの場合、２階微分が不連続に変化する＝２次転移 

• 例：気体⟷液体の臨界点、イジング模型の相転移…



臨界現象

２次転移では臨界現象が生じる

種々の物理量が非自明なべき関数の振る舞い

相転移点（臨界点）では、特徴的な長さスケールが発散

スケール不変性

相関長：

比熱：

感受率：

べき指数＝臨界指数

ユニバーサリティ
臨界指数は相転移で“破れる”対称性と 

空間次元で決まり系の詳細には依存しない
臨界現象は対称性に注目した 
シンプルな模型で調べられる



統計力学とカノニカル分布

カノニカル分布

分配関数＝カノニカル分布の規格化因子

熱力学自由エネルギーとの関係

：状態（例えば、粒子の位置・運動量）

：Γが実現する確率

：逆温度

：ハミルトニアン

分配関数の対数＝自由エネルギー



カノニカル分布での物理量の期待値

物理量Oの期待値：

物理量の期待値⟷マクロな系で観測される物理量

すべての状態の和が計算出来れば、 
熱力学量が分かる

計算科学の手法＝分配関数・期待値を数値的に計算する

現実： はとてつもなく大きいので、手では計算できない
（計算機を使っても厳密に計算するのは難しい）



格子スピン模型：格子
格子スピン模型：

１次元

格子上にスピン自由度が定義され相互作用する模型

正方格子 カゴメ格子

２次元

３次元 立方格子，FCC格子，…

格子
鎖



格子スピン模型：スピン自由度
スピン自由度

＊量子スピン
は角運動量演算子

スピン量子数Sで特徴付け

＊古典スピン

Sが小さいほど量子効果が強く、新規量子相が実現する可能性

の極限に対応する

イジングスピン：
ハイゼンベルグスピン：

3成分の単位ベクトル：

上か下かしか向かない

普通の磁気秩序は古典スピンで十分理解できる



格子スピン模型：相互作用
典型的なハミルトニアン：スピン自由度の２体相互作用

現実の物質では は 大で十分に小さくなる

最近接格子点間のみの相互作用を考えるのが良い近似

：最近接格子点ペアの和

：同じ向きを向くと得
：反対向きを向くとエネルギーが得

（強磁性相互作用）
（反強磁性相互作用）



スピン模型と相転移
例：正方格子強磁性イジング模型

自由エネルギー：

低温：エネルギーが小さい方がFが小さい
高温：エントロピーが大きい方がFが小さい

低エネルギー 高エントロピー

（磁化の和がほぼゼロに 
なる状態はたくさん）

相転移！



イジング模型の分配関数
統計力学の処方箋：
分配関数を計算したい

しかし、和 は、スピンがN個の時、

で指数的に大きい！（N=100でも、1030の項がある！）

定義通りに計算することは困難

計算科学によるアプローチ



（古典）格子スピン模型の数値解法
• 大きく分けて２種類のアプローチ 

• 乱数を使って物理量の期待値を統計誤差つきで求める 

• 乱択アルゴリズム、モンテカルロ法 

• 統計誤差の範囲内で得られる期待値は厳密 

• 分配関数を近似的に計算する 

• 得られた分配関数には近似に基づく系統的な誤差 

• 誤差は計算の規模を増大することで減らせる 

• 転送行列法、テンソルネットワーク法



Quantum spin systems 
（テンソルネットワーク法の主要な対象）



Quantum systems

Nature: Elementary particles, e.g. electrons, obey quantum mechanics.

 Static problems:

Quantum system: governed by Schrödinger equation 

:Hamiltonian
:Wave function (state vector)
（波動関数 or 状態ベクトル）

素粒子

Time-independent Schrödinger equation 

Energy
= Eigenvalue problem

Inner product:



Quantum systems

Example of quantum system: Array of quantum bits

2 bits

1 bit

The Hilbert space is spanned  by four basis vectors.
ヒルベルト空間

:complex number

The Hamiltonian for 2 bits system can be represented in these bases.

Simple notation:

Matrix element:

<latexit sha1_base64="b0TSKdinjwk9T/dIa6/LeFDtppE="></latexit>

or 

A quantum bit is represented by two basis vectors.



Quantum systems

Example of quantum system: Array of quantum bits

N bits: Dimension of the Hilbert space = 2N

Need to solve eigenvalue problem of huge matrix!
In physics,

• Typical system only has "short range" interactions

Hamiltonian matrix becomes sparse.

Hamiltonian is 2N  × 2N matrix

基底状態
• We often interested in the "ground state" (smallest eigenvalue)

We can concentrate to a special state.



(Quantum) spin system
Spin systems:

1D

Spin degree of freedoms defined on a lattice and interact each other

Square lattice Kagame lattice

2D

3D simple cubic，FCC lattice, BCC lattice, …

Lattice Chain



Quantum spin
Spin operator:

Commutation relation
（交換関係）

Spin quantum number operator:
（スピン量子数）

Simultaneous eigenstate of Sz and S2:

(Hereafter, we set           ) 

Quantized spin number



Quantum spin: S=1/2
Matrix representation of the spin operators:

Spins on a chain:

We can consider S=1/2 spin as a quantum bit :

"Transverse field Ising model" （横磁場イジング模型） L=2
1 2 3 LL-1



Quantum spin: S=1/2
"Transverse field Ising model"

1 2 3 LL-1

-Hierarchical matrix? 
-Solvable 

Larger TFIM 

-Non-commutative 

→Quantum fluctuations 
　or Zero point motion  

-Sparse 
 # of elements ∝ O(L) 

Non-zero elements in the Hamiltonian

# of non-zero elements

(Figure from Yamaji-sensei) 

Total matrix elements=22L

Sparse!



Classical problems

Nature: Elementary particles obey quantum mechanics.

Classical mechanics is an approximation

Two types of classical many-body problems

Classical problems not necessary based on quantum mechanics
• Percolation, covering, packing, … 
• Stochastic process, “dynamical” system, .. 
• Critical phenomena 
• …

1. Approximation of quantum problems

2. Pure classical problems



Classical problems as an approximation: magnetism

Electron Spin: “Quantum” degree of freedom

For accurate treatment, the spin quantum number S is important

However, we can approximate the system by taking 
the limit of S→∞ . 

“classical” spin model

• Classical Heisenberg model 
• Anisotropy: Ising model, XY model  
• ….

S=1/2, 1, 3/2, …



Classical spin degree of freedom

Classical spin:
limit of quantum spin 

・Strong easy axis anisotropy  
・Representing underlying Z2 symmetry

1. Heisenberg spin

Three component unit vector:

A lot of magnetism can be understand through classical Heisenberg spin

2. simple degree of freedom reflecting symmetry
1.

2. Ising spin

3. XY spin Two component unit vector:
・Strong easy plane anisotropy  
・Representing underlying U(1) symmetry



Classical Ising spin vs. quantum spin
Ising spin S=1/2 quantum spin

"Transverse field Ising model""Ising model"

In the case of classical system, the Hamiltonian is "diagonal".
• We do not need explicit diagonalization. 
• "State" can be represented by a product of local DOF.

(Degrees Of  Freedom)

• Although, # of states is 



Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



線形代数の復習 
（必要なければ飛ばします）



Outline

• Vector space- Abstract vectors- 
• General vector space (with inner product) 
• Basis and relation to coordinate vector space 
• Vector subspace and spanned vector subspace 

• Matrix and linear map 
• Relation between matrices and linear maps 
• Important properties and operations for matrices 
• Relation to simultaneous linear equations 

• Eigenvalue problem and diagonalization 



Vector space -Abstract vectors-



Geometric vector 

Geometric vector: Arrow on the plane (or the space) ,

which has "Direction" and "Length"

O

P

We can express a vector by its component:



Properties of vector 
Properties of  addition:

Commutative property（交換法則）

Associative property（結合法則）
zero vector

inverse vector

Multiplication of scaler （実数）:

Distributive property（分配法則）

<latexit sha1_base64="yHNU29cvgkODsaZzHW9ah/DR9Z4="></latexit>



Inner product of vector 

Inner product:
Example:

Norm (length):

Properties:

<latexit sha1_base64="yHNU29cvgkODsaZzHW9ah/DR9Z4="></latexit>



Vector space (linear space)

Vector space

Properties of  addition:

Set of elements (vectors) satisfying following axioms（公理） 

:

Commutative property（交換法則）

Associative property（結合法則）

Existence of unique zero vector
Existence of unique inverse vector

Multiplication of scaler
: Real vector space

:

: Complex vector space

generalization of geometric vector

<latexit sha1_base64="yHNU29cvgkODsaZzHW9ah/DR9Z4="></latexit>

<latexit sha1_base64="DUfBQ52zcsm8Y4SKMxOfsVJMzpY="></latexit>

<latexit sha1_base64="ENpFY4z+3c58x+mVTPzrrhEezw8="></latexit>



Inner product space (metric vector space)
Inner product space:

Vector space + definition of inner product

Inner product:

Axiom:

（計量空間）

*If a norm defined from the inner product is "complete"（完備）, 
that space is called Hilbert space.



Examples of vector spaces

(1) Coordinate space（数ベクトル空間）

(2) Wave vectors in quantum physics

Vector:

Vector:

Inner product:

Inner product:

<latexit sha1_base64="aRaFEjTTBPsLdrGEER8lQY2BAak="></latexit>

<latexit sha1_base64="2uBzX+kUjh41NNMG3hWM6qkWNiM="></latexit>



Linearly independent or dependent

Linear combination:
（線形独立） （線形従属）

linearly independent when
is satisfied if and only if 

is A set  

linearly dependent whenis A set  

it is not linearly independent.
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Basis of vector space
（基底）
A set  is a basis（基底）of 
when

is linearly independent.

and

Any vectors in are represented by its linear combination. 

: basis vector

# of basis vectors (n) is called dimension （次元）of     .
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Relation (map) to coordinate vector space

By using a basis is uniquely represented as  ,

We can represent as a coordinate vector 

By selecting a basis, we obtain a "concrete" coordinate vector 
for an "abstract" vector

(* From linear independency)
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Orthonormal basis （正規直交基底）
When a vector space has an inner product,

A basis

is orthogonal （直交）if .

Orthonormal basis
is an orthonormal basis when 

*A basis can be transformed into an orthonormal basis.

cf. Gram-Schmidt orthonormalization



Example: wave vector

2 qbits: We can choose following four vectors as the (orthonormal) basis.

:complex number

Simple notation:

Many qbits:
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basis:



Vector subspace (linear subspace)

Vector subspace（ベクトル部分空間）:
A subset of  a vector space is a vector subspace of 

when satisfies the same axioms of vector space with 

The following conditions are necessary and sufficient.

.

(In the case of complex vector space)
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Spanned vector subspace

Spanned subspace:

For a subset of  a vector space , a set of linear combinations 

becomes a vector subspace of .

We often use 

to represents a vector subspace spanned by a set of vectors
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Matrix and linear map



Matrix（行列）
Matrix: "Table" of (complex) numbers in a rectangular form
M × N matrix

Product of matrices:

In general:
*We also know addition, multiplication of scalar.
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Identity matrix（単位行列）
Identity matrix:

N × N matrix 
(Square matrix)

Product:

* Element of the identity matrix: (Kronecker delta)



Transpose, complex conjugate and adjoint

Transpose: 
（転置）

Complex conjugate: 
（複素共役）

Adjoint: 
（随伴） 

or 
Hermitian conjugate: 
（エルミート共役） ("Dagger" is convention in physics)



Multiplication to coordinate vector

M × N matrix transforms a N-dimensional coordinate vector  
to a M-dimensional coordinate vector.

M × N matrix Linear map:
（線形写像）1 to 1
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General linear map

Map:

Linear map:

Examples:
Rotation (e.g. θ rotation around z-axis)

Hamiltonian operator

<latexit sha1_base64="eTVqPfp++mXtKjsSldyAruwt9p8="></latexit>

<latexit sha1_base64="703f5XcrtLE5xgFRihsCw8LoA40="></latexit>

<latexit sha1_base64="bNf2LJZpkJuWfKZcSRV+cFVavGM="></latexit>

<latexit sha1_base64="9Y6ya019z2wSMEzYQQliuzRpdEI="></latexit>

<latexit sha1_base64="GcXULGD1+aC+KfAWumVndEDHUGg="></latexit>



Matrix representation of linear map
By using a basis, we can represent a linear map in a matrix.

Basis

Vector space

Transformation of basis vectors:

1 to 1 
（if we fix basis)
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Examples of matrix

Rotation (e.g. θ rotation around z-axis)

Hamiltonian operator

Matrix element: 
（行列要素）

* In this notation, basis should be orthonormal.
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Image of a map

Image of f : 

Vector subspace whose elements are  
mapped from     by   .

（像）

Image
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Kernel of a map

Kernel of f : 

Vector subspace whose elements are  
mapped into zero vector by   .

（核）
Kernel

Theorem:
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Rank of matrix

Rank （ランク or 階数）of a matrix A:

Rank is identical with

Maximum # of linearly independent column vectors （列ベクトル）in A

Maximum # of linearly independent row vectors （行ベクトル）in A

for a N×M matrix A.



Regular matrix and its inverse matrix
A square matrix A is a regular matrix （正則）if  a matrix X satisfying 

exists. The matrix X is called inverse matrix（逆行列） of A and

Properties: is unique.

A is a regular matrix

Can we consider an "inverse matrix" of a non-regular matrix (including a 
rectangular matrix) ?

it is written as　　　　            . 



Eigenvalue problems and diagonalization



Eigenvalue and Eigenvector

For a square matrix A

:eigenvector（固有ベクトル）
:eigenvalue（固有値）

If is an eigenvector, is also an eigenvector.
Properties:

Eigenvectors corresponding to different eigenvalues are 
linearly independent.

Eigenspace（固有空間）: 
The set of eigenvectors corresponds an eigenvalue λ.
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Right and left eigenvectors
In general, left eigenvectors can be different from the right eigenvectors.

:Right eigenvector
:Left eigenvector

Properties:
Set of eigenvalues are identical between the right and the left eigenvectors.

A left eigenvector and a right eigenvector are orthogonal when they 
correspond to different eigenvalues.



Diagonalization

Diagonalizaiton（対角化）：

A can be diagonalized. A has N linearly independent  
eigenvectors. necessary 

and 
sufficient

Normalization:
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Meaning of diagonalization

General transform using a regular matrix:
It is a transform of the basis:

Diagonalization:
By using eigenvectors as a basis, 
we can obtain a simple linear map  
represented by a diagonal matrix.

* The determinant of A is invariant under this transformation:

(This relation is true even if A cannot be diagonalized)



Unitary matrix

Unitary matrix（ユニタリ行列）：
Real Orthogonal matrix（実直交行列）：

When we consider a unitary matrix as a set of vectors:

it is a orthonormal basis:

The linear map represented by a unitary matrix  
(unitary transformation) does not change  

• the norm of a vector 

• "distance" between two vectors
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Normal matrix

Normal matrix（正規行列）：

Its eigenvalues could be complex. 
(even if A is a real matrix)

We can always diagonalize it by a unitary matrix

as
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Hermitian matrix and its eigenvalue

Hermitian matrix（エルミート行列）：
Real symmetric matrix（実対称行列）：

Its eigenvalues are real.

We can always diagonalize it by a unitary matrix

Hermitian (or real symmetric) matrices often appear in physics.

It is a special normal matrix.
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Generalization of diagonalization
• Eigenvalue problems and diagonalizations are  

defined for a square matrix. 
• Even if A is a square matrix, it may not be diagonalized.

• Is it possible to transform all square matrixes into  
diagonal forms by generalizing the diagonalization? 

• Is it possible to generalize it to a rectangular matrices?

Yes. The singular value decomposition 
 (特異値分解) is an generalization of the diagonalization.

(We can also consider a decomposition of a tensor.)



Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



特異値分解と低ランク近似



Outline

• Singular value decomposition (SVD) 
• Low rank approximation 

• Low rank approximation by SVD 
• Low "rank" approximation for tensor 

• Application of the low rank approximations to images



Singular value decomposition



Diagonalization

Diagonalizaiton（対角化）：

(Square matrix)

• Eigenvalue problems and diagonalizations are  
defined for a square matrix. 

• Even if A is a square matrix, it may not be diagonalized. 
• Normal or Hermitian matrices are always diagonalized  

by a unitary matrix



Spectral decomposition

(For a normal matrix A,)
Spectral decomposition 
（スペクトル分解）

( )
Note:

Matrix decomposition into a sum of  
projectors onto its eigen subspaces.

Projector:



Singular value decomposition (SVD)
Singular value decomposition 

（特異値分解）

Unitary Unitary

Diagonal matrix with  
non-negative real elements

Singular values



Properties of SVD 1

1. Any matrices can be decomposed as SVD: 

is a Hermitian matrix.

is a positive semi-definite matrix.
（半正定値、準正定値）

*

*

Its eigenvalues are  
non-negative

It can be diagonalized by  
a unitary matrix     .

eigenvector



Properties of SVD 1

1. Any matrices can be decomposed as SVD: 

Suppose
(There are r positive eigenvalues.)

For
For

Make new orthonormal basis 

Any orthonormal basis orthogonal to 

in

(For simplicity, we set  for .)
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Properties of SVD 1

1. Any matrices can be decomposed as SVD: 
We can perform same "proof" by using .

is the unitary matrix
which diagonalize as

In summary,

• Singular values are related to the eigenvalues of and as

•  and are eigenvectors of and ,respectively.

• A matrix A can be decomposed as SVD:

.



Properties of SVD 2

2. # of positive singular values is identical with the rank.

Image
The orthonormal  basis 

Remember
satisfies

Here, and

＝# of positive singular values
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Properties of SVD 3
3. Singular vectors

,
For 

,

right singular vector
left singular vector

cf. Hermitian matrixRelation to image and kernel:



Properties of SVD 4 (optional)

4. Min-max theorem (Courant-Fischer theorem)

Suppose its eigenvalues are .

Orthonormal complement（直交補空間）
Maximum appears for the eigenvector. 

We can prove this 
by considering vector  
subspace spanned by  

eigenvectors. 
(see references)

, Hermitian matrix

Intuitive examples:



Properties of SVD 4 (optional)

4. Min-max theorem (Courant-Fischer theorem)

Suppose its singular values are .

Hermitian

We can easily prove this  
by using

By setting k=1,

which means

for 



Properties of SVD 5 (optional)
5. Singular values for multiplication and addition

singular value of matrix A

Multiplication:

Addition:

(for i > rank(A), we set )

If ,

*Following properties can be proven  
by using min-max theorem.



Libraries for SVD

There are LAPACK routines for SVD.

*Linear Algebra PACKage
At netlib.org (reference implementations)

+ 
A lot of vender implementations 
• Intel MKL 
• Apple Accelerate Framework 
• Fujitsu SSLII 
• ...

DGESDD, ZGESDD

DGESVD, ZGESVD

numpy and scipy modules in python have routines for SVD.

numpy.linalg.svd

scipy.linalg.svd

(For dense matrices)

(For dense matrices)

scipy.sparse.linalg.svds (For sparse matrices or  
calculation of partial singular values)

Computation cost

For a M×N matrix (M≦N): Full SVD: O(NM2)

Partial SVD: O(NMk)
 k : # of singular values  

to be calculated



Low rank approximation



Amount of data in SVD representation

,neglect zero  
singular values

If rank(A) is much smaller than M and N, 

we can reduce the data to represent A.
(At this stage, no data loss)



Low rank approximation
Low rank approximation（低ランク近似）

Find an approximate matrix 

with lower rank:

Through the low rank approximation,  
we can reduce amount of the data.

An example of information compressions.

Notice! In order to quantify accuracy of the  approximation,  
we need a measure of distance between matrices.



Low rank approximation by SVD

Consider a matrix obtained by neglecting smaller singular values

This approximation is one of the low rank approximation.

* For this approximation, we need O(MNk) calculations  
for SVD of a M×N matrix.

Keep the largest k singular values 
(and corresponding singular vectors).



Norm of matrices

*inf =infimum（下限）

There are two popular norms:
(1) Frobenius norm （フロベニウス　ノルム）

(2) Operator norm（作用素ノルム）

*Trace（対角和）

*We define the norm 
for a vector as

By using these norms, we define the distance between matrices: 



Accuracy of low rank approximation by SVD

Theorem
For 

Because the k-rank approximation by SVD gives

it is an "optimal" approximation with rank k.



Short proof of the theorem: Frobenius norm (optional)

*This proof is based on  
"システム制御のための数学（１）"太田快人 著

From the inequality of singular values for matrix addition (property 5),
for j=1,... ,min(M,N)

By taking a square and summing up them
Property 5

*Note



Short proof of the theorem: operator norm (optional)

*This proof is based on  
"システム制御のための数学（１）"太田快人 著

From the min-max theorem of singular values (property 4),

Property4 with

Expand the  
vector space Definition of the operator norm



Relation to principal component analysis （主成分分析）

Data set {Xij} :
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 i = index for data, j = data type (coordinates, momentum, ...)
* Suppose the mean of data is 0:  

X: N × M matrix

Covariance matrix（共分散行列）:
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Principal component analysis (PCA):
Data compression through the spectrum decomposition of C.
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corresponding to large λi contains important information. 
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By construction, λ and V are related to SVD of X !
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PCA can be regarded as  
the low rank approximation X.



Generalization to tensors



Scalar, Vector, Matrix, Tensor,...

Scalar: i

Vector: One dimensional array of numbers

Number<latexit sha1_base64="xjTtQZt/S06bAHzsr4SBpd4jRhs="></latexit>
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Matrix:
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Two dimensional array of numbers

Tensor: Higher dimensional array of numbers
i

j

k

Scalar: 0-dim. tensor 
Vector: 1-dim. tensor 
Matrix: 2-dim. tensor



Graphical representations for tensor network

：

：

：

• Vector

• Matrix

• Tensor

* n-rank tensor = n-leg object

When indices are not presented in a graph, it represent a tensor itself.



Graphical representations for tensor network

＝ A BC

AB

C

Contraction of a network

Matrix product

＝ A BC

Generalization to tensors

= Calculation of a lot of multiplications

（縮約）



Low rank approximation: generalization to tensor
Tensor: i

j

k

Naive application of  SVD:

Make a matrix by dividing indices into two parts.

T

i

jk

Then apply SVD (and low rank approximation).

T

i j

kl
T

i j

kl
=

Note: The result depends on the initial mapping to a matrix.

i j

kl



CP decomposition

T

i j

kl

CP (Canonical Polyadic) decomposition:

<latexit sha1_base64="dyqvkFHZ2+BSxnlO/YaTeolgEWE="></latexit>

<latexit sha1_base64="CnBstKKwHGsjlbMH6kth/QjgixU="></latexit>

<latexit sha1_base64="3BZt0BiRNJnlntP7aG7RDLzBxbU="></latexit>

<latexit sha1_base64="dHTos5XEqK8ipL+6jNjRk48K0qk="></latexit>

i j

kl
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min (r) = tensor rank

Review: T. G. Kolda et al, SIAM Review 51, 455 (2009)
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Low "rank" approximation
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rank-r' approximation

Hitchcock (1927)

*Determining tensor rank  
is NP-hard problem.
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Tucker decomposition: generalization of SVD
Review: T. G. Kolda et al, SIAM Review 51, 455 (2009)

Tucker decomposition:

T

i j

kl

= S

U(1) U(2)

U(3)U(4)

U(i) : Factor matrix

S :Core tensor

(usually unitary)

Low "rank" approximation

rank-(I',J', K', L')  approximation
<latexit sha1_base64="0b5vuDqbmGkatQ8ZNzpv9EM32JA="></latexit>

*If S is "diagonal", Tucker decomposition 
 becomes CP decomposition.

(Tucker (1963))



Higher order SVD (HOSVD)
L. De Lathauwer et al, SIAM J. Matrix Anal. & Appl., 21, 1253 (2000)

Define a factor matrix from matrix SVD:

T

i j

kl
T k

l
=

i j

U(1)

Core tensor is calculated as 

k
l

j

Properties of the core tensor

Generalization of the diagonal matrix Σ in matrix SVD.

Dot product

* Low-rank approximation based on HOSVD is not optimal.



Application of low rank approximation

SVD_sample.zip

Sample codes will be uploaded  on the website

(python3 (or python2.7) + numpy + PIL)

(python and jupyter notebook codes) 



Image compression: grayscale image

Image: 1024 × 768 pixels

768 x1024 matrix A

Perform SVD of A:

Amount of data=786,432

approximation
Amount of data=(768 +1024 + 1)×χ



Image compression

Rank:

Data: 786,432 179,300 179,30
(Original)

Image compression: grayscale image



Image compression: color image

Image: 1024 × 768 pixels
768 x1024x3 tensor T

Perform SVD for R, G, B 

Amount of data=2,359,296

approximation for RGB matrices
Amount of data=3×(768 +1024 + 1)×χ

Two image compressions:

Perform HOSVD for T

* Sub matrices for  RGB colors

approximation
Amount of data= (768 +1024 + 3χ)×χ



Image compression

Data: 2,359,296

268,950

209,200Original

Image compression: color image1

SVD

HOSVD
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~10% 
Compression



Image compression
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Image compressionImage compression: multi images

Images were taken from ORL Database of Faces,
AT&T Laboratories Cambridge92×122 pixels 10 images

92 x122 x 10 tensor T
Amount of data=112,240

by HOSVD
approximation

Amount of data=  
(92 +122 )×χ + 10×χ'  + χ2χ'



Image compressionImage compression: multi images

Original 112,240

Data

15,520

10,970

14,610



SVD of wave function? 

Wave function:

 :N-leg tensor (or Vector) T

m1 m2 m3 m4 m5

We can consider it as a matrix by making two groups:
T{m1,m2,··· ,mM},{mM+1,··· ,mN}

<latexit sha1_base64="xU9rERi5ezQJsoBrgDMy8DMa3kU="></latexit>

T

m1 m2 m3 m4 m5

We can perform the low rank approximation of T.
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�
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What does it mean?
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• 太田快人、「システム制御のための数学（１）ー線形代数編ー」、コロナ社 
• T. G. Kolda et al, SIAM Review 51, 455 (2006).



Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



テンソルネットワーク繰り込みによる情報圧縮 
（古典スピン模型の実空間繰り込み群）



Outline

• Tensor network representation of a scalar 

• Partition functions in statistical mechanics 

• Tensor network renormalization  

• Tensor Renormalization Group (TRG) in two dimension 

• Generalization to higher dimensions 

• Tensor network renormalization around critical point 

• Fixed point of TRG: Corner double line tensors 

• Report problems



Tensor network representation of a scalar 



イジング模型の分配関数
統計力学の処方箋：
分配関数を計算したい

しかし、和 は、スピンがN個の時、

で指数的に大きい！（N=100でも、1030の項がある！）

定義通りに計算することは困難

計算科学によるアプローチ



転送行列
例：１次元イジング模型

転送行列 +1 -1
+1
-1

分配関数

分配関数は転送行列の積でかける



転送行列の対角化
転送行列

転送行列は実対称行列

固有値は実で、直行行列で対角化可能

分配関数

分配関数の計算→転送行列の対角化



２次元系の転送行列
L×Mの２次元系

M個のスピンを1セットで 
考えると１次元系と同等

転送行列の大きさ

1次元系：2×2
LxMの２次元系：2M×2M (or 2L×2L)  

２次元以上では転送行列が系サイズに関して指数的に大！
厳密な計算はすぐに破綻する
２次元イジング模型だったら、M=40程度が限界

転送行列の積を近似的に計算
（疎行列の対角化問題）



転送行列表現の拡張
２次元正方格子模型の分配関数
一つの正方形に注目

各辺のボルツマン重みの積：４階の“テンソル”

分配関数＝テンソルの"掛け算"

正方格子 Aの配置

イジング模型
Aは2×2×2×2のテンソル



ダイアグラムを用いたテンソル表記

：• ベクトル

• 行列 ：

：• テンソル

＊n階のテンソル＝n本の足テンソルの積（縮約）の表現

＝ A BC

AB

C



分配関数のダイアグラム

T

*周期境界条件の場合

例：１次元イジング模型

T T T T T
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分配関数のテンソルネットワーク表現

A

A

A

A

A

A

A

A

A

A

分配関数＝テンソルAの積のネットワーク
テンソルネットワーク

正方格子イジング模型→45度傾いた正方格子ネットワーク



(Real space) Renormalization group 
（補足資料）



Example: Ising model

Ising model

Canonical ensemble:

Magnetization at T:



Coarse graining （粗視化）
Block spin transformation :1 :-1

=
:

:

coarse grained spin

（ブロックスピン変換）

 6×6 system 
2×2 system 

"Length scale"  
changes



Example of block spin transformation
Figure taken from a book "Scaling and Renormalization in Statistical Physics", John Cardy 

T=Tc (critical point) T > Tc

(befor) (after) (befor) (after)

• At the critical point, the block spin transformation does not change"image" qualitatively.

• At T > Tc, the block spin transformation changes typical "cluster size"

"Scale invariance"



Partition function after coarse graining

Partition function after a block spin transformation:
(for simplicity, we set                         )

By block spin transformation, the partition function is  
represented by smaller # of spins with a modified Hamiltonian

(d-dimensional system with length L) (d-dimensional system with length L/b)

Information compression by "tracing out" 
short range fluctuations



Coarse grained Hamiltonian

Partition function after a block spin transformation:

Sum over spin configurations  
corresponds to {S'}

Suppose H' has the same form with the original Hamiltonian,  
which characterized only one parameter K:

By repeating the procedure, we can draw a flow of "K" 

"renormalization group" 
（繰り込み群）

Rb : transformation with scale b



Renormalization flow

Renormalization group:

Fixed point（固定点）:
Unchanged under renormalization

Typically, we have three fixed points for a phase transition:

Corresponding T=0, T=∞, and T=Tc



General case

In general, H' contains many body interaction such as SiSjSkSl.
We need more than one parameter:

RG characterize a flow in parameter space

Renormalization group:



Critical exponents and eigenvalues

Linearization around Kc:

:Matrix applied in parameter  space
:Eigenvalue of  

increases along renormalization

:Eigenvector 

decreases along renormalization

"Relevant"

"Irrelevant"

Critical exponents are related to relevant eigenvalues!



Tensor network renormalization 



Tensor network renormalization 
（テンソルネットワーク繰り込み）

• Approximate calculation of a tensor network contraction 
by using "coarse graining" （粗視化）of the network 

• Coarse graining ⟷ Real space renormalization  

• （粗視化） ⟷（実空間繰り込み） 

• It can be applicable to (basically) any lattices, and the idea 
(algorithm) is independent on "models" represented by 
tensor networks. 

• Potential application to wide range of the science.



Outline of tensor network renormalization

Corse graining (Renormalization) 
into √２times longer scale.

Scaler represented 
by L×L tensors

: D×D×D×D

(L×L)/2 tensors

Reduce the number of tensors 
keeping their size constant

Approximation : D×D×D×D



Key technique: low rank approximation by SVD

A =

Best low-rank approximation of a matrix = SVD

:M×N 
(M ≦ N)

:M×M :R×R
≃

:(M,N)×R
:(M,N)×M

In addition,

= X Y=

:Diagonal matrix 
those elements are 

:M×R
:R×M

By SVD, we can 
decompose a matrix 

into a product of 
"small" matrices.

(Diagonal matrix) (Keeping the R largest 
singular values)



Recipe of Tensor Renormalization Group (TRG)

i

j

k

l

1. Decomposition
Regard a tensor as a matrix

i

j
k

l

i
j

k

l

D-rank approximation  
by SVD

: D×D×D×D : D2×D2

Approximation

M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
Z.-C. Gu, M. Levin and X.-G. Wen, Phys. Rev. B 78, 205116 (2008)



2. Coarse graining
Contraction of 
inner indices 

: D×D×D×D

In total, two original 
tensors are coarse 

grained into a new tensor.

Recipe of Tensor Renormalization Group (TRG)
M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
Z.-C. Gu, M. Levin and X.-G. Wen, Phys. Rev. B 78, 205116 (2008)



Recipe of Tensor Renormalization Group (TRG)
M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
Z.-C. Gu, M. Levin and X.-G. Wen, Phys. Rev. B 78, 205116 (2008)

Calculation cost: SVD= O(D6)
Contraction= O(D6)

(per tensor)

*By one TRG step, # of tensors is reduced by 1/2.

We can calculate the contraction in polynomial cost!



Simple generalization of TRG to cubic lattice (three dimension)  

Tensor renormalization group for higher dimensions

8-rank 6-rank 



Anisotropic coarse graining by using HOSVD instead of SVD

Tensor renormalization group by using HOSVD

= = SU(1) U(2)

U(3)

U(4)

Low-rank approximation 
by HOSVD

Z. Y. Xie et al, Phys. Rev. B 86, 045139 (2012)

Basic idea of HOTRG algorithm:
(For details, see the original paper.) 



Tucker decomposition: generalization of SVD
Review: T. G. Kolda et al, SIAM Review 51, 455 (2009)

Tucker decomposition:

T

i j

kl

= S

U(1) U(2)

U(3)U(4)

U(i) : Factor matrix

S :Core tensor

(usually unitary)

Low "rank" approximation

rank-(I',J', K', L')  approximation
<latexit sha1_base64="0b5vuDqbmGkatQ8ZNzpv9EM32JA="></latexit>

*If S is "diagonal", Tucker decomposition 
 becomes CP decomposition.

(Tucker (1963))

(Reference of HOSVD)



Higher order SVD (HOSVD)
L. De Lathauwer et al, SIAM J. Matrix Anal. & Appl., 21, 1253 (2000)

Define a factor matrix from matrix SVD:

T

i j

kl
T k

l
=

i j

U(1)

Core tensor is calculated as 

k
l

j

Properties of the core tensor

Generalization of the diagonal matrix Σ in matrix SVD.

Dot product

* Low-rank approximation based on HOSVD is not optimal.

(Reference of HOSVD)



• HOTRG does not change the network structure. 
• We can easily generalize it to higher dimensions. 

• Low-rank approximation is based on the cluster of two tensors. 
• At the approximation, we take into account more information. 
• More efficient than TRG where SVD is done for a single tensor.

Power of the HOTRG

Advantage:

Disadvantage:
• HOTRG needs higher cost than TRG. 

• O(D7) in HOTRG ⟷ O(D6) in TRG



Application to a classical partition function
Partition function (Periodic boundary condition)

Repeat TRG step

until only a few 

tensors remain.

Free energy:

Energy:

Specific heat:

(Use difference approximation) 

We can easily calculate physical quantities from Z.

(Use difference approximation) 



Example of calculation

XIE, CHEN, QIN, ZHU, YANG, AND XIANG PHYSICAL REVIEW B 86, 045139 (2012)

FIG. 4. (Color online) Comparison of the relative errors of free
energy with respect to the exact results for the 2D Ising model
obtained by various methods with D = 24. The critical temperature
Tc = 2/ ln(1 +

√
2).

is already less than 10−7 even at the critical temperature,
much more accurate than the TRG result.7,8 The HOSRG also
performs better than the SRG. But the difference in the results
obtained by these two methods is relatively small around the
critical point. The HOTRG is less accurate than the two SRG
methods, but it is computationally economic. The difference
between TRG/SRG and HOTRG/HOSRG lies mainly in the
basis truncation scheme. The former is based on the SVD,
while the latter is based on the HOSVD. The above comparison
indicates that the HOSVD scheme works better.

III. THREE-DIMENSIONAL SYSTEMS

The above HOTRG and HOSRG methods can be readily
extended to three dimensions. This is an advantage of the
coarse-graining scheme proposed here. On the cubic lattice, a
full cycle of lattice contraction needs to be done in three steps,
along the x axis, y axis, and z axis, respectively. At each step,
two neighboring tensors will be combined to form a single
coarse-grained tensor and the lattice size is reduced by a factor
of 2.

As an example, Fig. 5 shows how the tensors are contracted
along the z axis. The HOSVD of the coarse-grained local
tensor [Fig. 5(b)] can be similarly done as for the 2D case. But
the local tensor now has six bond indices and a HOSVD for a
higher-order tensor should be done. Moreover, the basis spaces
for both the x-axis and y-axis bonds need to be renormalized.
Thus we should determine from the core tensor and the unitary
matrices of M (n) not only the transformation matrix for the
x-direction bonds U (n), but also the transformation matrix
for the y-direction bonds V (n). After that the dimensions for
both x-axis and y-axis bonds are truncated and the local
tensor is updated using U (n) and V (n). The contraction and
renormalization of tensors along the other two directions can
be similarly done. This three-step iteration can then be repeated
until the results are converged.

After the above HOTRG iteration, one can also do a
backward iteration to evaluate the environment tensors and
carry out the HOSRG calculation in three dimensions. A

(a)
x'1
x'2

y'1

i

T(n)

T(n)

x1

x2
y2

y1 y'2

z

z'

z

z'

x'
y'

x
y T(n+1)

T(n)
(b)

M(n)

T(n+1)

x x'

y'

y

z

z'

U(n) U(n)
V(n)

V(n)
M(n)

FIG. 5. (Color online) (a) A HOTRG coarse-graining step along
the z axis on the cubic lattice. (b) Steps of contraction and
renormalization of two local tensors.

graphical representation for iteratively determining the envi-
ronment tensor in this backward iteration is shown in Fig. 6.
A series of forward-backward iterations is then performed
to take into account the second renormalization effect of the
environment to the coarse-grained tensors. In the subsequent
forward iterations, we evaluate and diagonalize the bond
density matrix (see Fig. 7) and update the coarse-grained
tensors. The environment tensors are evaluated again in the
backward iteration.

In the 3D calculation, the computational time scales with
D11 and the memory scales with D6. This cost in the
computational resource is significantly smaller than in other
3D numerical RG methods.11–17,19 We have studied the 3D
Ising model using the HOTRG for D up to 16.

The temperature dependence of the internal energy U and
the specific heat C for the 3D Ising model obtained by the
HOTRG with D = 14 is shown in Fig. 8 and compared with

l r

f

b

u

d

i j

m

n k
U
(n+1)

E
(n+1)

E
(n)

T
(n)

V
(n+1)

FIG. 6. (Color online) Graphical representation for the deter-
mination of the environment tensor E

(n)
mnjiuk from E

(n+1)
lrf bud in three

dimensions.
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Error of free energy for 2D Ising model

COARSE-GRAINING TENSOR RENORMALIZATION BY . . . PHYSICAL REVIEW B 86, 045139 (2012)
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u

U
(n+2)

V
(n+1)

V
(n+2)

z

w

x

T
(n)y

E
(n+2)

FIG. 7. (Color online) Graphical representation for the determi-
nation of the bond density matrix ρ(n)

zw,xy from the environment tensor
E

(n+2)
lrf bud in three dimensions.

the Monte Carlo result.27 Our result for the specific heat agrees
with the Monte Carlo one. At the critical temperature, Tc =
4.511544, the internal energy is found to be Uc = −0.995592
for D = 14. This value of Uc, as shown in Table I, also agrees
well with other published data.

From the temperature dependence of the specific heat
around the critical point, one can estimate the critical exponent
of the specific heat with the formula,

C ∼ t−α, (16)

where t = |1 − T/Tc|. However, as the specific heat data are
obtained simply from the numerical derivative of the internal
energy, the accuracy of the specific heat data is much less than
that of the internal energy, especially around the critical point.
This causes a big error in the determination of the exponent α
with the above formula. This problem can be solved by directly
evaluating this exponent from the temperature dependence of
the internal energy. From the temperature integration of the
specific heat, it is simple to show that the internal energy
should exhibit the following critical behavior:

U = Uc + at + bt1−α, (17)

FIG. 8. (Color online) The internal energy and the specific heat
for the 3D Ising model obtained by the HOTRG with D = 14.
The Monte Carlo result (black curve) obtained from an empirical
fit formula given in Ref. 27 is shown for comparison.

TABLE I. Comparison of the internal energy at the critical
temperature Uc for the 3D Ising model obtained by different methods.

Method Uc

HOTRG (D = 16) − 0.990842(3)
Series expansion30 − 0.991(1)
Series expansion31 − 0.9902(1)
Series expansion32 − 0.99218(15)
Monte Carlo27 − 0.990604(4)
Monte Carlo33 − 0.9904(8)
Monte Carlo34 − 0.990(4)

where a and b are unknown parameters which can be
determined by fitting.

Figure 9 shows the fitting curves for the internal energy
around the critical point obtained with Eq. (17). The critical
exponent is found to be α = 0.1023 and 0.1137 for the tem-
perature higher and lower than the critical value, respectively.
These values of the critical exponent are consistent with the
result obtained from the series expansion,28 0.104, and the
Monte Carlo calculation,29 0.111.

Figure 10 shows the temperature dependence of the sponta-
neous magnetization M obtained by the HOTRG with D = 14.
Our data agree well with the Monte Carlo results.35 From the
singular behavior of M , we find that the critical temperature
Tc = 4.511615 for D = 14. Furthermore, by fitting the data of
M in the critical regime with the formula,

M ∼ tγ , (18)

we find that the exponent γ = 0.3295, consistent with the
Monte Carlo29 (0.3262) and series expansion36 (0.3265)
results.

Figure 11 shows the critical temperature Tc determined
from the singular points of the internal energy as well as the
magnetization for D up to 16. The values of Tc obtained from
these two quantities agree with each other. For D = 16, Tc

obtained from the internal energy and the magnetization are
4.511544 and 4.511546, respectively. The relative difference
is less than 10−6. But Tc does not vary monotonically with

FIG. 9. (Color online) The internal energy (D = 14) and its fitting
curves with Eq. (17) around the critical point for the 3D Ising model.
α is the critical exponent for the specific heat.

045139-5

Energy and specific heat of 3D Ising model

Ising model in infinite size



Tensor network renormalization at the critical point 
— When the accuracy of TRG becomes worse? 
（少し高度な内容） 



Correlation (entanglement) within a tensor

i

j

k

l

General tensor Eg. Correlation in (i,j) and (k,j)

i

j

k

l
N

M

Diagonalize M and N matrices.

i j

k

l

λ

λ

New rule for representation of the correlation:
=

(+ we neglect eigenvalues in the graph.)



Fixed point of TRG: Corner Double Line tensor

Corner Double Line (CDL) tensor:
There are correlations 


among the nearest legs.

Single line: bond dimension

Original bond dimension = 

SVD

Degree of freedoms  
connecting two tensors.

Two lines = 

No truncation error at SVD

(固定点）

(Original rank = D)



Fixed point of TRG: Corner Double Line tensor

Contraction of four tensors in TRG:

= ×

Constant

proportional to a CDL tensor!

CDL tensor is a fixed point of TRG (and also HOTRG).
CDL tensor remains as CDL tensor along TRG.



Problems in TRG: accumulation of correlations

Correlation in several scales

TRG

Correlations remains after TRG.

Ideal renormalization: Correlation in shorter scales should be removed. 
Only the correlation in the present scale exists.

TRG： Correlations in all scales remain.



Problem in TRG: increase of truncation error
4

FIG. 4. (a) Singular values λα of the matrix [A(s)](ij)(kl)
obtained after s RG steps [25] using TNR (filled circles) or
TRG (empty circles) for the 2D Ising model at critical tem-
perature TC . (b) Singular values for T = 1.1 TC . (c) Plot
of the Von-Neumann entropy −

∑
α λ̃α log(λ̃α) of the (nor-

malized) singular values of tensors [A(s)](ij)(kl) obtained with
TRG (empty circles) or TNR (filled circles).

s, the spectrum of singular values of tensor A(s) when
regarded as a matrix [A(s)](ij)(kl) . Fig. 4(a) considers
the critical point, T = Tc, and shows that under TNR,
the spectrum of A(s) quickly becomes independent of the
scale s. This has two major implications. On the one
hand, it is a strong evidence that A(s) itself has converged
to a fixed-point tensor Acrit (up to small corrections, see
[26] for detials), thus recovering the characteristic scale
invariance expected at criticality. On the other hand, it
implies that the bond dimension χ required to maintain
a fixed, small truncation error ∥δ∥ is essentially indepen-
dent of scale, and thus so is also the computational cost.
That is, we have obtained a computationally sustainable
RG transformation. In sharp contrast, the spectrum gen-
erated by TRG develops a growing number of large sin-
gular values as we increase the scale s, indicating that
the tensor is not scale invariant. The bond dimension
(and thus the computational cost at constant truncation
error) grows rapidly with scale. This growth is caused by
the accumulation of short-range correlations at each iter-
ation and pinpoints the breakdown of TRG at a critical
point [27].

Fig. 4(b) considers a slightly larger temperature,

T = 1.1 Tc. Now TNR generates a flow towards the triv-
ial fixed-point tensor Atriv, characterized by just one non-
zero singular value, which represents the infinite temper-
ature, disordered phase. As expected of a proper RG
scheme, for any T > Tc the flow is to the same trivial
fixed-point tensor Atriv. In contrast, for any T > Tc,
TRG generates a flows to a fixed-point tensor that de-
pends on the initial temperature T . In other words, fail-
ure to remove some of the short-range correlations implies
that (RG irrelevant) microscopic information has been
retained during coarse-graining, contrary to the spirit of
the RG flow. For T < Tc (not shown) we obtain a similar
picture as for T > Tc. However, now each eigenvalue in
the spectrum has degeneracy 2, and TNR flows to a new
fixed-point tensor AZ2 ≡ Atriv ⊕ Atriv corresponding to
the Z2 symmetry breaking, ordered phase —the Z2 spin
flip symmetry acts on AZ2 by exchanging its two copies of
Atriv. Finally, Fig. 4(c) uses the entropy of the spectrum
as a function of scale to visualize the RG flow towards
one of the three fixed-point tensors: the ordered AZ2 for
T < Tc, the critical Acrit for T = Tc, and the disordered
Atriv for T > Tc.

Outlook.— We have proposed tensor network renor-
malization (TNR), a coarse-graining transformation for
tensor networks that produces a proper RG flow in the
space of tensors, and demonstrated its performance for
2D classical partition functions –including the explicit
recovery of scale invariance at the critical point. When
applied to the Euclidean path integral of the 1D quantum
Ising model (after suitable discretization in the imagi-
nary time direction), it produced results similar to the
ones described above. The approach can also be used to
compute the norm ⟨Ψ|Ψ⟩ of a 2D quantum many-body
state encoded in a PEPS [28].

TNR borrows its key idea —the use of disentanglers—
from entanglement renormalization [12, 13], the coarse-
graining scheme for many-body wave-functions that led
to the multi-scale entanglement renormalization ansatz
(MERA) [29, 30]. The two approaches turn out to be
deeply connected: when applied to the Euclidean path
integral of a Hamiltonian H , TNR produces a MERA for
the ground and thermal states of H [31].

We thank Z.-C. Gu and X.-G. Wen for clarifying as-
pects of their TEFR approach [7]. G.E. is supported
by the Sherman Fairchild Foundation. G. V. acknowl-
edges support by the John Templeton Foundation and
NSERC. The authors also acknowledge support by the
Simons Foundation (Many Electron Collaboration). Re-
search at Perimeter Institute is supported by the Gov-
ernment of Canada through Industry Canada and by the
Province of Ontario through the Ministry of Research
and Innovation.
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Singular value distribution

In TRG, the width of the singular value distribution increases  
along renormalization.

Renormalization steps

Increase of truncation error (decrease of accuracy)

(2D Ising model）



Improvement of TRG：Entanglement Filtering

Try to remove CDL structure at renormalization steps.
Z.-C. Gu and X.-G Wen, Phys. Rev. B 80, 155131 (2009)

=

Idea:

S’ = 
1/4

S
S: S’: 

Insert this "approximation" into the TRG algorithm.



Tensor Entanglement Filtering Renormalization
Z.-C. Gu and X.-G Wen, Phys. Rev. B 80, 155131 (2009)

CDL structure is  
perfectly removed!(after approximation)

Change of SVD: In the case of CDL tensor



Remaining problem in TEFR

• TEFR works well far from the critical point.  

• Because it can remove CDL structure. 

• In the vicinity of the critical point, the accuracy is still poor. 

• Because the actual entanglement is not necessarily 
perfect CDL structure. 

• In order to improve further, we need to consider the 
entanglement structure beyond CDL tensor.



Recent progress: Tensor Network Renormalization
2

imately expressed as a courser tensor network made of

just N/4 copies of A(1), Z ⇡ tTr
⇣
⌦N/4

x=1A
(1)

⌘
. By itera-

tion, a sequence of tensors A(0) ! A(1) ! A(2) · · · will
be produced such that, for any length scale s,

Z ⇡ tTr
⇣
⌦Ns

x=1A
(s)

⌘
, Ns ⌘ N/4s. (2)

We see that after just s̃ ⌘ log4(N) iterations [assuming
N = 4s̃], the partition function Z becomes the trace of

a single tensor A(s̃), Z ⇡
P

ij
A(s̃)

ijij
, which we can finally

evaluate [10]. Alternatively, in the thermodynamic limit
N ! 1, we can study the RG flow of tensors A(s) as
we progress to larger length scales s. In particular, the
possible fixed-point tensor of this flow will contain the
universal properties of the phases and phase transition
of the system.

Tensor Network Renormalization.— Our coarse-
graining transformation for the tensor network of the par-
tition function Z in Eq. 1 will result from applying one
simple rule and following a guiding principle.

Firstly, the rule: “We are allowed to insert resolutions

of the identity in the tensor network”, since this will not
a↵ect the partition function Z that it represents. For this
purpose, we regard each index of the network as hosting
a �-dimensional complex vector space V ⌘ C�. We con-
sider two cases, see Fig. 1(c): (i) a joint change of basis
on two indices, which mixes the corresponding degrees of
freedom by means of a unitary transformation u, where
u : V ⌦ V ! V ⌦ V, with uu† = u†u = I⌦2, analogous
to a disentangler in the context of entanglement renor-
malization [6]; (ii) a combination of two indices into a
single one, by means of an isometry v (v or w in Fig.
1(c)), v : V ! V ⌦ V, with v†v = I. Notice that vv† is
a �-dimensional projector acting on the �2-dimensional
space V⌦ V. Strictly speaking, then, we should only in-
sert vv† when it acts on tensors that happen to vanish in
the remaining �(� � 1)-dimensional subspace. In prac-
tice, however, even if this condition is not exactly fulfilled
we will still insert the projector vv† if it only introduces
a small truncation error, as measured by the norm |�|
of the di↵erence operator � defined in Fig. 1(d), since
a small truncation error |�| guarantees that the result-
ing tensor network is still a good approximation to the
partition function Z.

Fig. 2 shows graphically the proposed TNR transfor-
mation. In step (a), disentanglers and isometries are in-
serted between blocks of 2⇥2 tensorsA(s). In step (b) two
types of auxiliary tensors, B(s) and C(s), are produced
by contracting indices. In step (c) tensors B and C are
split using a singular value decomposition, as it is done
in TRG [2]. Finally, in step (d) the coarse-grained tensor
A(s+1) at scale s + 1 is obtained by further contraction
of indices. The disentanglers and isometries introduced
in step (a) are chosen so as to minimize the truncation
error |�| in Fig. 1(d), using well-established, iterative

FIG. 1. (a) We consider a square lattice (slanted 45
�
) of clas-

sical spins, where �k 2 {+1,�1} is an Ising spin on site k.
(b) Graphical representation of a part of the tensor network,

where each circle denotes a tensor A, for the partition function

Z of the classical spin model, see Eq. 1. Here tensor Aijkl

encodes the Boltzmann weights of the spins {�i,�j ,�k,�l}
according to the Hamiltonian function H, see Eq.4. (c) In-

sertion of a pair of disentanglers u†u between four tensors,

where tensors Ã are obtained from tensors A through a gauge

transformation on their horizontal indices [9], followed by an

insertion of four projectors of the form vv† in terms of isome-

tries. Since these projectors are not a resolution of the iden-

tity, they introduce an error in the tensor network. (d) Tensor

�, whose norm |�| measures the truncation error introduced

by the isometries v and w. Disentanglers and isometries are

chosen so as to minimize |�|.

optimization methods for unitary and isometric tensors
[7]. The overall computational cost of computing tensor
A(s+1) from tensor A(s) scales as O(�7) [11].
The scheme above has been designed to conform to the

following guiding principle: “The coarse-graining trans-

formation should eliminate all short-range correlations”.
It is of course hard to know a priori whether a given
scheme will obey this (admittedly vague) principle, but
we can at least state a testable necessary condition that
the scheme should fulfill. Namely, when there are only
short-range correlations (for instance, in the form of a
so-called CDL tensor, see Appendix A), then the coarse-
graining transformation should be able to remove them
completely and produce a trivial tensor Atriv, one with an
e↵ective dimension �0 = 1 [12]. The essential novel fea-
ture of TNR becomes clear if we set the disentanglers to

Point of TNR
Use of a disentangler(Unitary tensor)      

It can remove short 
range entanglement 

efficiently.

3

To gain some insight into how TNR operates, let us
consider first an oversimplified scenario where the par-
tition function Z only contains short-range correlations
(technically, this corresponds to a so-called CDL tensor
[21]). If we set the disentanglers to be trivial, u = I⊗2,
then the coarse-graining transformation reduces to TRG
and fails to remove the short-range correlations. How-
ever, with a judicious choice of disentanglers u these cor-
relations are removed and an uncorrelated, trivial tensor
Atriv is produced [21, 22]. Therefore the role of disentan-
glers is to remove short-range correlations. Their action
will be particularly important at criticality, where corre-
lations are present at all length scales.
Example: Partition function of the 2D classical Ising

model.— We consider the partition function

Z =
∑

{σ}

e−H({σ})/T , H ({σ}) = −
∑

⟨i,j⟩

σiσj (4)

on the square lattice, where σk ∈ {+1,−1} is an Ising
spin on site k and T denotes the temperature. Recall

FIG. 2. Steps (a)-(d) of a TNR transformation to produce
tensor A(s+1) from tensor A(s). In step (a), the insertion of
disentanglers u and isometries v and w is made according to
Fig. 1(b). Insets (e)-(g) contain the definition of the auxiliary
tensors B(s) and C(s) and the coarse-grained tensor A(s+1).

FIG. 3. Benchmark results for the square lattice Ising model
on a lattice with 239 spins. (a) Relative error in the free energy
per site δf at the critical temperature Tc, comparing TRG and
TNR over a range of bond dimensions χ. The TRG errors fit
δf ∝ χ−3.02 (the inset displays them using log-log axes), while
TNR errors fit δf ∝ exp(−0.305χ). Extrapolation suggests
that TRG would require bond dimension χ ≈ 750 to match
the accuracy of the χ = 42 TNR result. (b) Spontaneous
magnetization M(T ) obtained with TNR with χ = 6 [23].
Even very close to the critical temperature, T = 0.9994 Tc, the
magnetization M ≈ 0.48 is reproduced to within 1% accuracy.

that this model has a global Z2 symmetry: it is invariant
under the simultaneous flip σk → −σk of all the spins.
We obtained an exact representation for the tensor A in
Eq. 1 in terms of four Boltzmann weights eσiσj/T ,

Aijkl = e(σiσj+σjσk+σkσl+σlσi)/T , (5)

which corresponds to having one tensor A for every two
spins, and a tensor network with a 45 degree tilt with
respect to the spin lattice, see Fig. 1(a,b). We actu-
ally built our starting tensor A(0), with bond dimension
χ = 4, by joining a square block of four tensors A to-
gether. We then applied up to 18 TNR transformations
to a system made of N = 218×218 tensors A(0), or equiv-
alently 2× 4×N Ising spins.
Fig. 3(a) shows the relative error δf in the free en-

ergy per site f ≡ log(Z)/(8N), at the critical temper-
ature Tc ≡ 2/ ln(1 +

√
2) ≈ 2.269, for both TRG and

TNR as a function of the bond dimensions χ [24]. The
TRG error decays polynomially, while the TNR error is
reduced exponentially, showing a qualitatively different
behaviour and implying that significantly more accurate
results can be obtained with TNR. Figure 3(b) shows the
spontaneous magnetization M(T ) as a function of tem-
perature T obtained with TNR for χ = 6. Even close
to T = Tc, we see remarkable agreement with the exact
solution.
However, the most significant feature of TNR is re-

vealed in Fig. 4, which shows, as a function of the scale

Tensor Network Renormalization
G. Evenbly and G. Vidal, Phys. Rev. Lett. 115, 180405(2015).
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(see Eq. 5 and Fig. 1(a,b) for an explicit example),

Z =
∑

ijk···

AijklAmnojAkrstAopqr · · · ≡ tTr
(

⊗N
x=1A

)

. (1)

Here each index hosts a χ-level local degree of freedom
(e.g. i = 1, 2, · · · ,χ), the tensor components Aijkl are
local weights, and the tensor trace tTr denotes a sum
over configurations of all the indices ijk · · · .
Our goal is to produce an effective tensor A(1), roughly

accounting for four copies of the original tensor A(0) ≡ A,
such that Z can be approximately expressed as a coarser
tensor network made of just N/4 copies of A(1), Z ≈
tTr

(

⊗N/4
x=1A

(1)
)

. By iteration, a sequence of tensors

A(0) → A(1) → A(2) → · · · (2)

will be produced such that, for any length scale s,

Z ≈ tTr
(

⊗Ns

x=1A
(s)
)

, Ns ≡ N/4s. (3)

Thus, after s̃ ≡ log4(N) iterations [assuming N = 4s̃ for
some integer s̃ > 0], the partition function Z becomes

the trace of a single tensor A(s̃), Z ≈
∑

ij A
(s̃)
ijij , which

we can finally evaluate [16]. On the other hand, in the
thermodynamic limit N → ∞, we can study the flow in
the space of tensors given by Eq. 2. The fixed-point
tensors of this flow will capture the universal properties
of the phases and phase transitions of the system.
Tensor Network Renormalization.— Our coarse-

graining transformation for the partition function Z in
Eq. 1 is based on locally inserting (exact or approxi-
mate) resolutions of the identity into the tensor network.
The goal is to reorganize the local degrees of freedom, so
as to be able to identify and remove those that are only
correlated at short distances.
Let us regard each index of the network as hosting a

χ-dimensional complex vector space V ≡ Cχ. We con-
sider two types of insertions, see Fig. 1(c). The first type
is implemented by a pair uu† = I⊗2 of unitary transfor-
mations u, or disentanglers, acting on two neighboring
indices, u : V⊗ V → V⊗ V. The disentanglers u will be
used to remove short-range correlations [17]. Notice that
inserting a pair of disentanglers uu† does not change the
partition function Z represented by the tensor network.
The second type of insertion is implemented by a pro-

jector vv† (or ww†), where the isometry v (or w) com-
bines two indices into a single one, v : V → V ⊗ V, with
v†v = I. Since vv† is not the identity but a χ-dimensional
projector acting on the χ2-dimensional space V⊗ V, in-
serting it into the tensor network introduces a truncation
error into the representation of the partition function Z.
This error can be estimated by the norm ∥δ∥ of the differ-
ence operator δ defined in Fig. 1(d). If, somehow, only a
small truncation error ∥δ∥ is introduced, then the result-
ing tensor network will still be a good approximation to
the partition function Z.

FIG. 1. (a) As an example, we consider a square lattice
(slanted 45◦) of classical spins, where σk ∈ {+1,−1} is an
Ising spin on site k. (b) Graphical representation of a part
of the tensor network, where each circle denotes a tensor A,
for the partition function Z of the classical spin model, see
Eq. 1. Here tensor Aijkl encodes the Boltzmann weights of
the spins {σi,σj ,σk,σl} according to the Hamiltonian func-
tion H , see Eq. 5. (c) Insertion of a pair of disentanglers
uu† between four tensors, where tensors Ã are obtained from
tensors A through a gauge transformation on their horizontal
indices [18], followed by an insertion of four projectors of the
form vv† (or ww†). These projectors introduce a truncation
error. (d) Tensor δ, whose norm ∥δ∥ measures the truncation
error introduced by the isometries v and w. Disentanglers
and isometries are chosen so as to minimize ∥δ∥.

Fig. 2 shows graphically the proposed TNR transfor-
mation. In step (a), disentanglers and isometries are in-
serted between blocks of 2×2 tensorsA(s). In step (b) two
types of auxiliary tensors, B(s) and C(s), are produced
by contracting indices. In step (c) tensors B and C are
split using a singular value decomposition, as it is done in
TRG [19]. Finally, in step (d) the coarse-grained tensor
A(s+1) at scale s+1 is obtained by further contraction of
indices. The disentanglers and isometries introduced in
step (a) are chosen so as to minimize the truncation error
∥δ∥ in Fig. 1(d), using well-established, iterative opti-
mization methods for unitary and isometric tensors [13],
which are further detailed in Ref.[20]. The overall com-
putational cost of computing tensor A(s+1) from tensor
A(s) scales as O(χ7), although this cost can be reduced
to O(χ6) through introducing controlled approximations
[20].

Approximation by using 
two-tensor cluster:

Better accuracy than the 
simple SVD of single tensor

(Not only CDL)



Power of TNR
4

FIG. 4. (a) Singular values λα of the matrix [A(s)](ij)(kl)
obtained after s RG steps [25] using TNR (filled circles) or
TRG (empty circles) for the 2D Ising model at critical tem-
perature TC . (b) Singular values for T = 1.1 TC . (c) Plot
of the Von-Neumann entropy −

∑
α λ̃α log(λ̃α) of the (nor-

malized) singular values of tensors [A(s)](ij)(kl) obtained with
TRG (empty circles) or TNR (filled circles).

s, the spectrum of singular values of tensor A(s) when
regarded as a matrix [A(s)](ij)(kl) . Fig. 4(a) considers
the critical point, T = Tc, and shows that under TNR,
the spectrum of A(s) quickly becomes independent of the
scale s. This has two major implications. On the one
hand, it is a strong evidence that A(s) itself has converged
to a fixed-point tensor Acrit (up to small corrections, see
[26] for detials), thus recovering the characteristic scale
invariance expected at criticality. On the other hand, it
implies that the bond dimension χ required to maintain
a fixed, small truncation error ∥δ∥ is essentially indepen-
dent of scale, and thus so is also the computational cost.
That is, we have obtained a computationally sustainable
RG transformation. In sharp contrast, the spectrum gen-
erated by TRG develops a growing number of large sin-
gular values as we increase the scale s, indicating that
the tensor is not scale invariant. The bond dimension
(and thus the computational cost at constant truncation
error) grows rapidly with scale. This growth is caused by
the accumulation of short-range correlations at each iter-
ation and pinpoints the breakdown of TRG at a critical
point [27].

Fig. 4(b) considers a slightly larger temperature,

T = 1.1 Tc. Now TNR generates a flow towards the triv-
ial fixed-point tensor Atriv, characterized by just one non-
zero singular value, which represents the infinite temper-
ature, disordered phase. As expected of a proper RG
scheme, for any T > Tc the flow is to the same trivial
fixed-point tensor Atriv. In contrast, for any T > Tc,
TRG generates a flows to a fixed-point tensor that de-
pends on the initial temperature T . In other words, fail-
ure to remove some of the short-range correlations implies
that (RG irrelevant) microscopic information has been
retained during coarse-graining, contrary to the spirit of
the RG flow. For T < Tc (not shown) we obtain a similar
picture as for T > Tc. However, now each eigenvalue in
the spectrum has degeneracy 2, and TNR flows to a new
fixed-point tensor AZ2 ≡ Atriv ⊕ Atriv corresponding to
the Z2 symmetry breaking, ordered phase —the Z2 spin
flip symmetry acts on AZ2 by exchanging its two copies of
Atriv. Finally, Fig. 4(c) uses the entropy of the spectrum
as a function of scale to visualize the RG flow towards
one of the three fixed-point tensors: the ordered AZ2 for
T < Tc, the critical Acrit for T = Tc, and the disordered
Atriv for T > Tc.

Outlook.— We have proposed tensor network renor-
malization (TNR), a coarse-graining transformation for
tensor networks that produces a proper RG flow in the
space of tensors, and demonstrated its performance for
2D classical partition functions –including the explicit
recovery of scale invariance at the critical point. When
applied to the Euclidean path integral of the 1D quantum
Ising model (after suitable discretization in the imagi-
nary time direction), it produced results similar to the
ones described above. The approach can also be used to
compute the norm ⟨Ψ|Ψ⟩ of a 2D quantum many-body
state encoded in a PEPS [28].

TNR borrows its key idea —the use of disentanglers—
from entanglement renormalization [12, 13], the coarse-
graining scheme for many-body wave-functions that led
to the multi-scale entanglement renormalization ansatz
(MERA) [29, 30]. The two approaches turn out to be
deeply connected: when applied to the Euclidean path
integral of a Hamiltonian H , TNR produces a MERA for
the ground and thermal states of H [31].

We thank Z.-C. Gu and X.-G. Wen for clarifying as-
pects of their TEFR approach [7]. G.E. is supported
by the Sherman Fairchild Foundation. G. V. acknowl-
edges support by the John Templeton Foundation and
NSERC. The authors also acknowledge support by the
Simons Foundation (Many Electron Collaboration). Re-
search at Perimeter Institute is supported by the Gov-
ernment of Canada through Industry Canada and by the
Province of Ontario through the Ministry of Research
and Innovation.
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Singular value distribution

In TNR:

Renormalization steps

(2D Ising model）

• The singular value distribution is narrower than that of TRG. 
• It is almost unchanged at Tc. 

• Indicating scale invariance of the critical system.
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(technically, this corresponds to a so-called CDL tensor,
see Appendix B). If we set the disentanglers to be triv-
ial, u = I⊗2, then the coarse-graining transformation
reduces to TRG [18] and fails to remove the short-range
correlations. However, a judicious choice of disentangler
u removes these correlations and produces an uncorre-
lated, trivial tensor Atriv. Therefore the disentangler u
removes short-range correlations. Importantly, the ex-
ample below demonstrates that this is also true in the
far more challenging scenario of a system near or at crit-
icality.

Example: Partition function of the 2D classical Ising
model.— We consider the partition function

Z =
∑

{σ}

e−H({σ})/T , H ({σ}) = −
∑

⟨i,j⟩

σiσj (4)

FIG. 2. Steps (a)-(d) of a TNR transformation to produce
tensor A(s+1) from tensor A(s). In step (a), the insertion of
disentanglers u and isometries v and w is made according to
Fig. 1(b). Insets (e)-(g) contain the definition of the auxiliary
tensors B(s) and C(s) and the coarse-grained tensor A(s+1).

FIG. 3. Benchmark results for the square lattice Ising model
on a lattice with over 134 million spins. (a) Error in the free
energy per site at temperature T , comparing TRG and TNR
with bond dimensions χ = {4, 8} [20]. The error in TNR
is roughly two orders of magnitude smaller in all cases. (b)
Spontaneous magnetization M(T ), both exact and obtained
with TNR with χ = 4. Even very close to the critical tem-
perature, T = 0.9994 Tc, the magnetization M ≈ 0.48 is
reproduced to within 1% accuracy.

on the square lattice, where σk ∈ {+1,−1} is an Ising
spin on site k and T denotes the temperature. Recall
that this model has a global Z2 symmetry: it is invariant
under the simultaneous flip σk → −σk of all the spins.
We first obtain an exact representation for the tensor A
in Eq. 1 in terms of four Boltzmann weights eσiσj/T ,

Aijkl = e(σiσj+σjσk+σkσl+σlσi)/T , (5)

which corresponds to having one tensor A for every two
spins, and a tensor network with a 45 degree tilt with
respect to the spin lattice, see Fig. 1(a,b). We then con-
tract a 2 × 2 square of tensors A to form a new tensor
A(0) of bond dimension χ = 4, which serves as the start-
ing point for the TNR approach. We then apply up to 12
TNR transformations to a system made of N = 212×212

tensors A(0), or equivalently 2× 4×N Ising spins.
Fig. 3(a) shows the error in the free energy per

site, f ≡ log(Z)/N , as a function of the temperature
T , in a neighborhood of the critical temperature Tc ≡
2/ ln(1 +

√
2) ≈ 2.269, for bond dimension χ = {4, 8}.

TNR makes an error that is roughly two orders of mag-
nitude smaller than that of TRG for the same bond di-
mension [20]. Figure 3(b) shows the exact curve of the
spontaneous magnetization M(T ) as well as the numer-
ical values obtained with TNR for χ = 4. Remarkable
agreement is achieved throughout, even very close to the
critical temperature.
However, the most significant feature of TNR is re-

vealed in Fig. 4, which shows, as a function of the scale

Error of the free energy



Interesting topics in tensor network renormalization
• Try to find efficient algorithm to remove "short range" entanglement 

• TNR, Loop-TNR, GILT, Gauge fixing 

• Application to lattice QCD 

• TRG with Grassmann algebra 

• Property at the criticality 

• Relation between TNR and MERA 

• Relation to Conformal invariance 

TNR: G. Evenbly and G. Vidal, Phys. Rev. Lett. 115, 180405 (2015)
Loop-TNR: S. Yang, Z.-C. Gu and , X.-G. Wen, Phys. Rev. Lett. 118, 110504 (2017)

Z.-C. Gu, F. Verstraete, and X.-G. Wen, arXiv:1004.2563
S. Takeda, and Y. Yoshimura PTEP 2015, 043B1 (2015). 

G. Evenbly and G. Vidal,Phys. Rev. Lett. 115, 200401 (2015)

G. Evenbly, Phys. Rev. B 95, 045117 (2017)

GILT:  M. Hauru, C. Delcamp. S. Mizera Phys. Rev. B 97, 045111 (2018)

Gauge fixing: G. Evenbly, Phys. Rev. B 98, 085155 (2018)



Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



情報のエンタングルメントと行列積表現



Outline

• Outline of tensor network decomposition  
• Entanglement  

• Schmidt decomposition 
• Entanglement entropy and its area law 

• Matrix product states 
• Matrix product states (MPS) 
• Canonical form 
• infinite MPS



Outline of tensor network decomposition



Classification of Information Compression by 
Memory Costs

Linear algebra for huge data:
(1) A matrix can be stored

(2) Although a matrix cannot be stored, vectors can be stored

(3) A vector cannot be stored

Required memory~

Required memory~

Required memory

We try to approximate a vector in a compact form.

:problem size (e.g. system size)

Memory ~ 
Exponential Polynomial



When we efficiently compress a vector?

If we can find a basis where the coefficients have a structure (correlation).

(1) Almost all Ci are zero (or very small).

We store only a few finite elements

E.g.

Classical state
In this case, we know that only a specific Ci  is non-zero.

We need only an integer corresponding to the non-zero element.

Fourier transformation

If we can neglect larger wave numbers, we can efficiently  
approximate the vector with smaller number of coefficients.



When we efficiently compress a vector?

(2) All of Ci are not necessarily independent.

We store "structure" and "independent elements".

Product state ("generalized" classical state)E.g.

e.g.

A vector is decomposed into product of small vectors.

structure: "product state"
independent elements: small vectors 



Tensor network decomposition of a vector

+

Target:
with 

Exponentially large Hilbert space

Total Hilbert space is decomposed as  
a product of  "local" Hilbert space.

Tensor network decomposition

: index of local Hilbert space

: local tensor for "state" i



Graphical representations for tensor network

：

：

：

• Vector

• Matrix

• Tensor

* n-rank tensor = n-leg object

When indices are not presented in a graph, it represent a tensor itself.



Graphical representations for tensor network

＝ A BC

AB

C

Contraction of a network

Matrix product

＝ A BC

Generalization to tensors

（縮約）
= Calculation of a lot of multiplications



Graph for a tensor network decomposition

• Vector

• Tensor

Tensor network  decomposition

v

*We treat i as an index  
of the tensor.

*We can consider tensors 
independent on i.

*Vector looks like a tensor



Entanglement（エンタングルメント）



N-qubit system (S=1/2 quantum spin system)
Wave function of N-qubit systemsExample vector:

…

takes two states

Coefficients = vector:

* Inner product:



Schmidt decomposition

General vector:

Schmidt decomposition

Schmidt decomposition is unique.

Orthonormal vectors

Schmidt coefficient



Schmidt decomposition for wave function

Wave function:

Schmidt decomposition
Divide system into two parts, A and B:

A

B

Orthonormal basis:
Schmidt coefficient:

General wave function can be represented by  
a superposition of orthonormal basis set.

A B

A B
<latexit sha1_base64="ZU1UFVOI4sQ5r55FgImhtnwW0DE="></latexit>
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Partial trace and reduced density matrix

Density matrix:

For 

*Note:

Orthonormal basis:

Basis for :
Index:

Reduced Density matrix:

: a positive-semidefinite square matrix in 

（密度行列）

（縮約密度行列）
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Relation between SVD and Schmidt decomposition
Singular value decomposition (SVD):

For a K × L matrix M, Singular values:

Singular vectors:

Relation to the Schmidt decomposition:

By using SVD, we can perform Schmidt decomposition. 
(and can calculate entanglement entropy.)



Entanglement entropy 
Entanglement entropy:

A

B

Reduced density matrix of a sub system (sub space):

Entanglement entropy = von Neumann entropy of ρA

Schmidt decomposition 

Entanglement entropy is calculated through  
the spectrum of Schmidt coefficients

A B

(*Exercise)



Intuition for EE: two s=1/2 spins

1. 

,

2. 

A B

3. 

Spin singlet ,

4. 

,

A product state

Another product state ,

Product state : S=0

Complicated state

Maximally entangled State

Large entanglement entropy ~ Large correlation between  two parts



Area law of the entanglement entropy in physics

In the case of one-dimensional system:

General wave functions:

A

B

L

EE is proportional to its volume (# of qubits).

Ground state wave functions:
For a lot of ground states, EE is proportional to its area.

A B

J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)

Gapped ground state for local Hamiltonian
M.B. Hastings, J. Stat. Mech.: Theory Exp. P08024 (2007)

Ground state are in a small part 
of the huge Hilbert space

(c.f. random vector)



Exercise: examples of Schmidt decomposition

1-1: Random wave function (Sample code: Ex1-1.py or Ex1-1.ipynb)

1-2: Ground state of S=1 Heisenberg chain

H =
X

i

~Si ·
~Si+1

* Try to simulate different system size "N"
* You can simulate other S by changing "m"

(Sample code: Ex1-2.py 
or Ex1-2.ipynb)

• Make a random vector 
• SVD it and see singular value spectrum and EE

• Calculate GS by diagonalizing Hamiltonian 
• SVD it and see singular value spectrum and EE

*Note: the ground state of this model is gapped

python Ex1-2.py -hshow help:



Result: N=10 spectrum

Random
Heisenberg

A B

Ground state wave function has lower entanglement!



Matrix product states（行列積状態）



Data compression of wave functions (vectors)

General wave function:

Coefficient vector can represent any points in the Hilbert space.

Hilbert space

Area law

Ground states satisfy the area law.

In order to represent the ground state accurately, 
we might not need all of  aN elements.

Data compression by tensor decomposition:

Tensor network states



Tensor network state

G.S. wave function:

Vector (or N-rank tensor): # of Elements＝aN

i1 i2 i3 i4 i5``Tensor network” 
decomposition

=

General network

i1 i2

i3

i4

i5

X,Y : Tensors
Tr : Tensor network contraction

Matrix Product State 
(MPS)

：Matrix for state m

=
i1 i2 i3 i4 i5

D: dimension of the matrix A

By choosing a ``good” network, we can express G.S. wave function efficiently.

ex. MPS: # of elements ＝2ND2

Exponential→ Linear *If D does not depend on N…



Examples of TNS

MPS: Good for 1-d gapped systems

Scale invariant systemsRG

PEPS, TPS:

MERA:

For higher dimensional systems
Extension of MPS



Matrix product state (MPS)

：Matrix for state i

MPS

Note:

• A product state is represented by MPS with 1×1 "Matrix" (scalar) 

(U. Schollwöck, Annals. of Physics 326, 96 (2011))
(R. Orús, Annals. of Physics 349, 117 (2014))

Good reviews:

• MPS is called as "tensor train decomposition" in applied mathematics
(I. V. Oseledets, SIAM J. Sci. Comput. 33, 2295 (2011))



Matrix product state without approximation

General wave function (or vector) can be represented by MPS exactly  
through successive Schmidt decompositions

SVD of 

…
In this construction, the sizes of matrices  

depend on the position.

At this stage, no data compression.

Maximum bond dimension = aN/2

(row) (column)
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Matrix product state: Low rank approximation

Maximum bond dimension = aN/2=

Constant bond dimension = χ

If the entanglement entropy of the system is O(1) (independent of N), 
matrix size "χ" can be small for accurate approximation.

MPS is good for gapped 1d systems.

On the other hand, if the EE increases as increase N, 
"χ" must be increased to keep the same accuracy.



Upper bound of Entanglement entropy

A B

:MPS with χ

Reduced density  
matrix of region A:

Structure of ρA:



EE of the 

original vector

Required bond dimension

in MPS representation

Required bond dimension  
in MPS representation

The upper bound is independent of the "length".
length of MPS ⇔ size of the problem



Gauge redundancy of MPS
MPS is not unique: gauge degree of freedom

=

We can insert a pair of matrices GG-1 to MPS 

=

=

=



Gauge fix: Canonical form of MPS
Canonical form of MPS: (Vidal canonical form)

:Diagonal matrix corresponding 
 to Schmidt coefficient

:Virtual indices corresponding  
 to Schmidt basis

Left canonical condition:

=

Right canonical condition:

=

(Boundary)

=

(G. Vidal, Phys. Rev. Lett. 91, 147902 (2003)

Ref. U. Schollwöck, Annals. of Physics 326, 96 (2011)



Canonical forms: Left and Right canonical forms
Other "canonical" forms of MPS
Left canonical form:

= =

Right canonical form:

Satisfies (at least) left or canonical condition:

Ref. U. Schollwöck, Annals. of Physics 326, 96 (2011)



Canonical forms: Mixed canonical forms

Mixed canonical form:

=

Right canonical condition:

=

Left canonical condition:

is identical with 
the Schmidt coefficient.

Ref. U. Schollwöck, Annals. of Physics 326, 96 (2011)



Canonical forms: Note

• Vidal canonical form is unique, up to trivial unitary transformation to 
virtual indices which keep the same diagonal matrix structure 
(Schmidt coefficients).  

• Left, right and mixed canonical form is "not unique". Under general 
unitary transformation to virtual indices, it remains to satisfy the 
canonical condition

=
<latexit sha1_base64="NR61qFLEl+fqEvBaWfhH3exkels="></latexit>
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MPS for infinite chains
By using MPS, we can write the wave function of  
a translationally invariant infinite chain

……

Infinite MPS (iMPS) is made by repeating T and λ infinitely.

T and λ are independent of positions!Translationally invariant system

* Infinite MPS can be accurate when the EE satisfies the 1d area low (S~O(1)).

If the EE increases as increase the system size, 
we may need infinitely large χ for infinite system.



Calculation of expectation value

h | i =

T ⇤

= =
X

i

�2
i = 1

Canonical form

h |Ô| i = Ô
Ô=

For iMPS, if it is in the (Vidal) canonical form,  
the final graph is identical to the above finite system.



Example of iMPS: AKLT state

…

S=1 Affleck-Kennedy-Lieb-Tasaki (AKLT) Hamiltonian:

The ground state of AKLT model:

Spin singlet

S=1 spin:

S=1/2 spin

(U. Schollwock, Annals. of Physics 326, 96 (2011))χ=2 iMPS:
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Exercise 2: Make MPS and approximate it

2-1: Make exact MPS from GS wave function obtained by ED
(We can easily check that the MPS obtained by successive SVD 

satisfy the canonical condition.)

2-2: Approximate the MPS by truncating singular values
• Calculate approximate GS energy and compare it with ED

Sample code: Ex2-1.py or Ex2-1.ipynb

python Ex2-1.py -h

Sample code: Ex2-2.py or Ex2-1.ipynb
python Ex2-2.py -h 

• Change chi_max and see energies

show help:

show help:



Requirement for running sample scripts

Python environment: python2.7 or python3
Modules: numpy, scipy and matplotlib

For jupyter notebook, type
Usage:

jupyter notebook
and select Ex?-?.ipynb .
For python (command line), type  

python Ex?-?.py -h
, then you can know how to change the parameters.

File: Exercise_No10.zip



Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



行列積表現の固有値問題への応用



Outline

• Application to Eigenvalue problem  
(Ground state of quantum many-body systems) 
• Variational algorithm 

• Application to time evolution of quantum system 
• TEBD algorithm 

• Application to Machine learning



Application to eigenvalue problem



Calculation of minimum (or maximum) eigenvalue

+

Target vector space:
with 

Exponentially large Hilbert space

Total Hilbert space is decomposed as  
a product of  "local" Hilbert space.

Target matrix:
:Hermitian, square, and sparse

(Typically, only O(M) ( =O(aN) ) elements are finite.)
Notice:  We consider the situation where  

we cannot store O(M) variables in the memory.



Problem:

Find the smallest eigenvalue and its eigenvector

Variational calculation using MPS:

Cost function:

Find the MPS which minimizes F 

by optimizing matrices in MPS.



Problem in graphical representation

Cost function:

Find which minimizes F.



Iterative optimization

Local optimization problem when we focus on a "site" i :
i i

Remove Ai

Minimize Solve generalized eigenvalue problem

(Find the lowest eigenstate)
Notice: matrix size =

(F. Verstraete, D. Porras, and J. I. Cirac, Phys. Rev. Lett. 93, 227205 (2004))



Iterative optimization

Update Ais by "sweeping" sites i =1 to N

…

Backward "sweeping" sites i =N to 1

…

Repeat  sweeping until convergence.

(F. Verstraete, D. Porras, and J. I. Cirac, Phys. Rev. Lett. 93, 227205 (2004))



Compact representation of an operator

Notice! 
 We can conduct this algorithm when we can represent  

the matrix efficiently.
We consider the situation where we cannot store the matrix in the memory. 

In practical applications, we usually represent the matrix  
in so called Matrix Product Operator (MPO) form.

=

The Hamiltonian of the Heisenberg model is  
represented by MPO with bond dimension           .        

E.g. 



Relation to Density Matrix Renormalization Group

The variational MPS method is essentially same with  
Density Matrix Renormalization Group (DMRG) algorithm.
（密度行列繰り込み群） (S. R. White, Phys. Rev. Lett. 69, 2863 (1992))

The original DMRG did not use MPS explicitly.  
But, MPS gives us a theoretical background 

for why DMRG works well.

(U. Schollwöck, Rev. Mod. Phys. 77, 259  (2005))

cretization can be neglected, the lowest-lying states of A
all have nodes at the lattice ends, such that all product
states of AA have nodes at the compound block center.
The true ground state of AA has its maximum ampli-
tude right there, such that it cannot be properly approxi-
mated by a restricted number of block states.

Merely considering isolated blocks imposes wrong
boundary conditions, and White and Noack !1992" could
obtain excellent results by combining Hilbert spaces
from low-lying states of block A by assuming various
combinations of fixed and free boundary conditions !i.e.,
enforcing a vanishing wave function or a vanishing
wave-function derivative, respectively, at the bound-
aries". They also realized that combining various bound-
ary conditions for a single particle would translate to
accounting for fluctuations between blocks in the case of
many interacting particles. Keeping this observation in
mind, we now return to the original question of a many-
body problem in the thermodynamic limit and formulate
the following strategy: In order to analyze which states
have to be retained for a finite-size block A, A has to be
embedded in some environment, mimicking the
thermodynamic-limit system in which A is ultimately
embedded.

B. Density matrices and DMRG truncation

Consider, instead of the exponentially fast growth pro-
cedure outlined above, the following linear growth pre-
scription !White, 1992": Assume that for a system !a
block in DMRG language" of length ! we have an
MS-dimensional Hilbert space with states #$m!

S%&. The
Hamiltonian Ĥ! is given by matrix elements ' m!

S$Ĥ!$m̃!
S%.

Similarly we know the matrix representations of local
operators such as ' m!

S$Ci$m̃!
S%.

For linear growth, we now construct Ĥ!+1 in the prod-
uct basis #$m!

S!%&(#$m!
S%$!S%&, where $!S% are the Nsite lo-

cal states of a new site added.
The thermodynamic limit is now mimicked by embed-

ding the system in an environment of the same size, as-
sumed to have been constructed in analogy to the sys-
tem. We thus arrive at a superblock of length 2!+2 !Fig.
2", in which the arrangement chosen is typical, but not
mandatory.

Because the final goal is the ground state in the ther-
modynamic limit, one studies the best approximation to
it, the ground state of the superblock, obtained by nu-
merical diagonalization:

$"% = )
mS=1

MS

)
!S=1

Nsite

)
!E=1

Nsite

)
mE=1

ME

"mS!S!EmE$mS!S%$mE!E%

= )
i

NS

)
j

NE

"ij$i%$j% ; ' "$"% = 1, !4"

where "mS!S!EmE = ' mS!S ;!EmE $"%. #$mS!S%&(#$i%&, and
#$mE!E%&(#$j%& are the orthonormal product bases of
system and environment !subscripts have been dropped"
with dimensions NS=MSNsite and NE=MENsite, respec-
tively !for later generalizations, we allow NS!NE".
Some truncation procedure from NS to MS# NS states
must now be implemented. Let me present three lines of
argument on the optimization of some quantum-
mechanical quantity, all leading to the same truncation
prescription focused on density-matrix properties. This
is to highlight different aspects of the DMRG algorithm
and to give confidence in the prescription found.

!1" Optimization of expectation values (White, 1998): If
the superblock is in a pure state $"% as in Eq. !4",
statistical physics describes the physical state of the
system through a reduced density matrix $̂,

$̂ = TrE$"%' "$ , !5"

where the states of the environment have been
traced out,

' i$$̂$i!% = )
j

"ij"i!j
* . !6"

$̂ has NS eigenvalues w% and orthonormal eigen-
states $̂$w%%=w%$w%%, with )%w%=1 and w%& 0. We
assume the states are ordered such that w1& w2
& w3& ¯ . The intuition that the ground state of the
system is best described by retaining those MS states
with largest weight w% in the density matrix can be
formalized as follows. Consider some bounded op-
erator Â acting on the system, such as the energy

FIG. 1. Lowest-lying eigenstates of !dashed line" blocks A and
!solid line" AA for the problem of a single particle in a box in
the continuum limit.

FIG. 2. System meets environment: Fundamental density-
matrix renormalization-group !DMRG" construction of a su-
perblock from two blocks and two single sites.
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and correlators! from "!# ; this step can also be car-
ried out at each intermediate length.

If the Hamiltonian is reflection symmetric, one may con-
sider system and environment to be identical. One is not
restricted to choosing the ground state for "!# ; any state
accessible by large sparse-matrix diagonalization of the
superblock is allowed. Currently available algorithms for
this diagonalization limit us, however, to the lowest-lying
excitations $see Sec. II.I!.

D. Infinite-system and finite-system DMRG

For many problems, infinite-system DMRG does not
yield satisfactory answers: The idea of simulating the fi-
nal system size cannot be implemented well by a small
environment block in the early DMRG steps. DMRG is
usually canonical, working at fixed particle numbers for
a given system size $Sec. II.E!. Electronic systems in
which the particle number is growing during system
growth to maintain particle density approximately con-
stant are affected by a lack of “thermalization” of the
particles injected during system growth; t-J models with
a relatively small hole density or Hubbard models far
from half-filling or with complicated filling factors are
particularly affected. The strong physical effects of im-
purities or randomness in the Hamiltonian cannot be
accounted for properly by infinite-system DMRG, as the
total Hamiltonian is not yet known at intermediate
steps. In systems with strong magnetic fields or close to a
first-order transition one may be trapped in a metastable
state favored for small system sizes, e.g., by edge effects.

Finite-system DMRG manages to eliminate these con-
cerns to a very large degree and to reduce the error
$almost! to the truncation error. The idea of the finite-
system algorithm is to stop the infinite-system algorithm
at some preselected superblock length L which is kept
fixed. In subsequent DMRG steps $Fig. 3!, one applies
the steps of infinite-system DMRG, but instead of simul-
taneous growth of both blocks, growth of one block is
accompanied by shrinkage of the other block. Reduced
basis transformations are carried out only for the grow-
ing block. Let the environment block grow at the ex-
pense of the system block; to describe it, system blocks
of all sizes and operators acting on this block, expressed
in the basis of that block, must have been stored previ-
ously $at the infinite-system stage or previous applica-

tions of finite-system DMRG!. When the system block
reaches some minimum size and becomes exact, growth
direction is reversed. The system block now grows at the
expense of the environment. All basis states are chosen
while system and environment are embedded in the final
system and in the knowledge of the full Hamiltonian. If
the system is symmetric under reflection, blocks can be
mirrored at equal size, otherwise the environment block
is shrunk to some minimum and then regrown. A com-
plete shrinkage and growth sequence for both blocks is
called a sweep.

One sweep takes about two $ if reflection symmetry
holds! or four times the CPU time of the starting
infinite-system DMRG calculation. For better perfor-
mance, there is a simple, but powerful prediction algo-
rithm $see Sec. II.I!, which cuts down calculation times
in finite-system DMRG by more than an order of mag-
nitude. In fact, it will be seen that the speedup is larger
the closer the current $ground! state is to the final, fully
converged result. In practice, one therefore starts run-
ning the infinite-system DMRG with a rather small
number of states M0, increasing it while running through
the sweeps to some final Mfinal" M0. The resulting slow-
ing down of DMRG will be offset by the increasing per-
formance of the prediction algorithm. While there is no
guarantee that finite-system DMRG is not trapped in
some metastable state, it usually finds the best approxi-
mation to the ground state, and convergence is gauged
by comparing results from sweep to sweep until they
stabilize. This may take from a few to several dozen
sweeps, with electronic problems at incommensurate fill-
ings and random potential problems needing the most.
In rare cases it has been observed that seemingly con-
verged finite-system results are again suddenly improved
after some further sweeps without visible effect have
been carried out, showing a metastable trapping. It is
therefore advisable to carry out additional sweeps and
to judge DMRG convergence by carrying out runs for
various M. Where possible, choosing a clever sequence
of finite-system DMRG steps may greatly improve the
wave function. This has been successfully attempted in

FIG. 3. Finite-system DMRG algorithm: block growth and
shrinkage.

FIG. 4. Currents on rung r of a t-J ladder induced by a source
term on the left edge, after various sweeps of finite-system
DMRG. From Schollwöck et al., 2003.

266 U. Schollwöck: Density-matrix renormalization group

Rev. Mod. Phys., Vol. 77, No. 1, January 2005

DMRG selects compact basis  
based on entanglement between 

"System" and "Environment" blocks.

DMRG is a powerful tool in physics and chemistry
• One-dimensional spin systems 
• One-dimensional electron systems 
• Small molecules 
• Small two-dimensional systems

(U. Schollwöck, Annals. of Physics 326, 96 (2011))



Relation to Density Matrix Renormalization Group

Conventional DMRG algorithm corresponds to  
variational calculation using open boundary MPS.

one chooses one site M and writes the energy as

E ! h!jHj!i
h!j!i ! h "M#jHMj "M#i

h "M#jNMj "M#i
; (10)

where j "M#i ! $sj "M#
s i is a vector built by concatenating

the  "M#
s , and NM and HM are d%D2 Hermitian square

matrices which are built using the vectors  "k#
s at k ! M.

For example, NM ! $sN0 is a block diagonal matrix with
identical blocks N0 which has matrix elements
&N0'&!;!0';&";"0' ! &~N0'&!;"';&!0;"0', with

~N 0 ! E"M(1#
1 ) ) )E"N#

1 E"1#
1 ) ) )E"M*1#

1 : (11)

Thus, at this step the operator PM is found by solving the
generalized eigenvalue problem

HMj "M#i ! #NMj "M#i; (12)

with # minimum, which in turn gives the energy at this
step. Then one chooses another site and proceeds in the
same way until the energy converges. At the end we have
all the Pk and can evaluate all expectation values.

Let us now explain how one can make the method
efficient. Let assume that we have a set of spins in a
ring. The idea is to determine operators Pk in a clockwise
order (first P1, then P2, until PN*1), then improve them
following a counterclockwise ordering (from PN to P2),
then again clockwise, until the fixed point is reached. At
each step, a normalization condition similar to (3) is
imposed, depending on whether we are in a clockwise
or counterclockwise cycle, which makes the matrix NM
well behaved. On the other hand, at each step only the
operators which are strictly needed in later steps are
calculated in an efficient way and stored.

The normalization condition is based on the following
fact. Given the state !, characterized by matrices B, if we
substitute B"M#;s ! B"M#;sX :! U"M#;s and B"M(1#;s !
X*1B"M(1#;s, where X is a nonsingular matrix, we obtain
the same state. Analogously, we can substitute B"M#;s !
YB"M#;s :! V"M# and B"M*1#;s ! B"M*1#;sY*1. We choose
X in the clockwise cycles to impose (3) and Y in the
counterclockwise ones to impose

Xd

s!1

&V"M#;s'y&V"M#;s' ! 1: (13)

Thus, at the point of determining the operator PM,

j!i!Q1+)))QM*1+PM+ ~QM(1 )))+ ~QNj$i+N; (14)

where Qk and ~Qk are defined as in (7) but with U and V
instead of B, respectively. Thus, the operators X and Y are
all of them moved over, such that they are now included
in those corresponding to PM. It can be easily shown that
these conditions on the operator U (V) are equivalent to
imposing that E1 has the maximally entangled state j$i
as right (left) eigenvector with eigenvalue 1. This is

immediately reflected in the fact that the matrix NM is
better behaved, which makes the problem numerically
stable.

Let us now illustrate how the procedure works with
simplest nearest-neighbor Hamiltonian %"k#

z %"k(1#
z ,

namely, the Ising model. Let us assume that we are
running the optimization of the operators clockwise and
that we want to determine PM. So far, in previous steps,
apart from the matrices U and V, we have stored (i) for
each k <M, the following four operators:

rk :! E"1#
1 E

"2#
1 ) ) )E"k*2#

1 E"k*1#
1 ; (15a)

sk :! E"1#
%z E

"2#
1 ) ) )E"k*2#

1 E"k*1#
1 ; (15b)

tk :! E"1#
1 E

"2#
1 ) ) )E"k*2#

1 E"k*1#
%z ; (15c)

hk :!
Xk*2

n!1

E"1#
1 E

"2#
1 ) ) )E"n#

%z E
"n(1#
%z ) ) )E"k*2#

1 E"k*1#
1 ; (15d)

and (ii) for each k >M other four similar operators which
contain products from E"k# to E"N#. With them, one can
build HM and N0 by few matrix multiplications and thus
determine PM by solving (12). From it,QM is determined.
Then, we construct rM(1, sM(1, tM(1, and hM(1 starting
from rM, sM, tM, and hM. We continue in the same vein,
finding four matrices at each step, and storing them, until
we reach N. Then we start moving counterclockwise and
start constructing the corresponding four matrices at
each step. Notice that in order to construct the matrices
HM and N0 we have to use the stored matrices (15) which
were determined when we were moving clockwise. Thus,
with this procedure we have to store of the order of 4N
matrices of dimension D2. Using sparse matrix multi-
plications to solve the eigenvalue problem [17] and to
update the matrices rM; sM; tM; hM, the number of opera-
tions per step scales asD5 and is independent of N. At the
end, when we have reached the fixed point, we can deter-
mine the expectation value of any operator by using (8)

0 20 40
10

-10

10
-8

10
-6

10
-4

∆E
  /

|E
 |

0
0

60

i

<
>

/
S 

 S
E

  -
 1

i  
   

i+
1 

   
   

   
0

m

DMRG (PBC)

New (PBC)

DM
RG (OBC)

0   10   20

10

10

0

-7

-7

FIG. 3. Left: comparison between DMRG (squares) [2] and
the new method (circles) for PBC, and N ! 28. For reference
the DMRG results [2] for the Heisenberg chain with OBC
(triangles) are also shown. Inset: variation of the local bond
strength from the average along the chain, calculated with the
new method and D ! 40.
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227205-3

open:

periodic:

(F. Verstraete, D. Porras, and J. I. Cirac, Phys. Rev. Lett. 93, 227205 (2004))

Accuracy becomes worse if we 
consider systems 

with periodic boundary condition.

If we use periodic MPS instead 
of open MPS, we can represent 
the ground state more efficiently.

S=1/2 Heisenberg chain, (N=40)



Application to time evolutions of quantum system



Time evolution of a quantum system

Schrödinger equation:

Formal solution:

Time evolution using MPS:

Time evolution operator 
（時間発展演算子）

1. Multiply the time evolution operator to a MPS. 
2. Find an approximate MPS representation for it.

When the time step (t) is small,  
we can perform the above step efficiently.



Time evolution of a quantum system using MPS

Target: (Basically) one-dimensional quantum system  
with short range interaction

Typical example: Chain of qbits or quantum spins
Transverse field Ising model

Heisenberg model

Typical situation: Quantum quench
Initial state: Ground state of a Hamiltonian which well approximated by MPS

t > 0:
For a "short" time interval, evolving state is  

approximated by MPS efficiently.

Hamiltonian suddenly changes from the initial one.



Suzuki-Trotter decomposition
Suzuki-Trotter decomposition:

Systematic approximation of  exponential operator
(1st order)

(2nd order)

(2nd order)

(M. Suzuki, Commun. Math. Phys. 51, 183 (1976))

If our Hamiltonian is represented as a sum of "local" operators,

E.g. transverse field Ising model

Time evolution operator can be approximated as

(1st order)



Graphical representation of Suzuki-Trotter decomposition

Suppose the Hamiltonian can be decomposed  
into the sum of two-body local terms

Suzuki-Trotter decomposition of time evolution operator

(1st order)



Multiplication of time evolution operator

If we have MPS representation of 

Multiplying the time evolution operator is represented as

If we can perform the transformation

We continue the time evolution repeatedly.
Notice: we want to keep the bond dimension χ constant along time evolution.

(Generally, all matrices change 
for better approximation)



TEBD algorithm:

We can perform the accurate transformation locally by using canonical MPS.

T̃1 T̃2�̃2

Approximation

(G. Vidal, Phys. Rev. Lett. 91, 147902 (2003))

Only the two matrices which are  
directly applied TE operator 

changes in MPS.

Time Evolving Block Decimation (TEBD)



TEBD algorithm:

Apply TE operator

T̃1 T̃2�̃2

Approximation

⇥

Combine 
and 

make matrix
SVD

�̃2

U V †

Make tensor

T̃1

U=
��1
1

T̃2

= U
��1
3

Truncation
�̃2

U V †

(G. Vidal, Phys. Rev. Lett. 91, 147902 (2003))



Why TEBD is accurate?

1. For accurate calculation, the canonical form is important.
If λ is equal to the Schmidt coefficient, it contains  
all information of the remaining part of the system.

Truncation based on local SVD can be globally optimal, 
even if we look at a part of the MPS.

2. If the operator is unitary, MPS keeps canonical form within truncation error

If we chose the initial MPS as the canonical form, 
TEBD algorithm almost keep it. 

(So, TEBD is almost "globally optimal")



Extension to infinite sytem iTEBD:

Finite system: TEBD
Sequentially apply ITE operators SVD for each step

Infinite system: iTEBD
Due to the translational invariance, 

all SVD are equivalent. SVD for each step

*Note
Because of SVD in iTEBD algorithm, we need at least two independent 

tensors even in translationally invariant system

……

(G. Vidal, Phys. Rev. Lett. 98, 070201 (2007))

(R. Orús and G. Vidal, Phys. Rev. B 78, 155117 (2008))



(i)TEBD can be used for eigenvalue problem

Method to optimize MPS for GS of a specific Hamiltonian

1. Variational optimization
Change matrix elements to reduce the energy:

2. Imaginary time evolution
Simulate imaginary time evolution:

For a initial state

We can use (TEBD) algorithm for eigenvalue problem.

（虚時間発展）

By replacing the time evolution operator to  
the imaginary time evolution operator,



Difference between TE and ITE

However, when τ is small the operator is almost unitary.

If we chose the initial MPS as the canonical form, 
TEBD algorithm almost keep it. 

(So, TEBD is almost "globally optimal" even in the  
case of the imaginary time evolution.)

:Time evolution operator is unitary
:Imaginary time evolution operator is not unitary

In general, by multiplying imaginary time evolution operator to MPS, 
the canonical form is destroyed and TEBD becomes less accurate.

(Because it is almost identity matrix)

*Instead, we can transform the MPS into the canonical form  
after multiplying ITE operator in every steps.



3-1: Energy dynamics in TEBD



Exercise 3: (TEBD and) iTEBD simulation (ITE)

3-1: TEBD simulation
Simulate small finite size system and compare energy with ED

Simulate infinite system and calculate energy

Sample code: Ex3-1.py or Ex3-1.ipynb

3-2: iTEBD simulation

Sample code: Ex3-2.py or Ex3-2.ipynb

* Try simulation with different  "chi_max", "T_step"

python Ex3-1.py -hshow help:

python Ex3-2.py -hshow help:



Requirement for running sample scripts

Python environment: python2.7 or python3
Modules: numpy, scipy and matplotlib

For jupyter notebook, type
Usage:

jupyter notebook
and select Ex?-?.ipynb .
For python (command line), type  

python Ex?-?.py -h
, then you can know how to change the parameters.



Application to machine learning
E. Miles Stoudenmire and D. J. Schwab, NIPS 2016



Machine learning for classification problem

Problem: we want to classify an input vector by several labels

First, input vector

E.g Classification of handwriting images

is mapped onto higher dimensional space
Standard procedure:

Then it is transformed to labels through a linear map

(non-linear feature map)

In the case of supervised machine learning, we optimize  W  based on the 
correct labels of a lot of input vectors.



MPS representation of the classification problem

If we select a "product state" as a feature map

The dimension of vector space is  

Then we can apply MPS approximation for W

W

E. Miles Stoudenmire and D. J. Schwab, NIPS 2016



MPS representation of the classification problem
Feature map E. Miles Stoudenmire and D. J. Schwab, NIPS 2016

2

Representing the weights W of Eq. (1) as an MPS al-
lows us to e�ciently optimize these weights and adap-
tively change their number by varying W locally a few
tensors at a time, in close analogy to the density ma-
trix renormalization group algorithm used in physics
[26, 35]. Similar alternating least squares methods for
tensor trains have also been explored in applied mathe-
matics [36].

This paper is organized as follows: we propose our gen-
eral approach then describe an algorithm for optimizing
the weight vector W in MPS form. We test our approach,
both on the MNIST handwritten digit set and on two-
dimensional toy data to better understand the role of the
local feature-space dimension d. Finally, we discuss the
class of functions realized by our proposed models as well
as a possible generative interpretation.

Those wishing to reproduce our results can find
sample codes based on the ITensor library [37] at:
https://github.com/emstoudenmire/TNML

II. ENCODING INPUT DATA

The most successful use of tensor networks in physics
so far has been in quantum mechanics, where combining
N independent systems corresponds to taking the tensor
product of their individual state vectors. With the goal
of applying similar tensor networks to machine learning,
we choose a feature map of the form

�s1s2···sN (x) = �s1(x1) ⌦ �s2(x2) ⌦ · · · �sN (xN ) . (2)

The tensor �s1s2···sN is the tensor product of the same
local feature map �sj (xj) applied to each input xj , where
the indices sj run from 1 to d; the value d is known as
the local dimension. Thus each xj is mapped to a d-
dimensional vector, which we require to have unit norm;
this implies each �(x) also has unit norm.

The full feature map �(x) can be viewed as a vector
in a dN -dimensional space or as an order-N tensor. The
tensor diagram for �(x) is shown in Fig. 2. This type of
tensor is said be rank-1 since it is manifestly the prod-
uct of N order-1 tensors. In physics terms, �(x) has the
same structure as a product state or unentangled wave-
function.

For a concrete example of this type of feature map,
consider inputs which are grayscale images with N pixels,
where each pixel value ranges from 0.0 for white to 1.0
for black. If the grayscale pixel value of the jth pixel
is xj 2 [0, 1], a simple choice for the local feature map
�sj (xj) is

�sj (xj) =
h
cos

⇣⇡

2
xj

⌘
, sin

⇣⇡

2
xj

⌘i
(3)

and is illustrated in Fig. 3. The full image is represented
as a tensor product of these local vectors. From a physics
perspective, �sj is the normalized wavefunction of a sin-
gle qubit where the “up” state corresponds to a white

s1 s2 s3 s4 s5 s6

=
�s1 �s2 �s3 �s4 �s5 �s6

�

FIG. 2. Input data is mapped to a normalized order N tensor
with a trivial (rank 1) product structure.

FIG. 3. For the case of a grayscale image and d = 2, each
pixel value is mapped to a normalized two-component vector.
The full image is mapped to the tensor product of all the local
pixel vectors as shown in Fig. 2.

pixel, the “down” state to a black pixel, and a superpo-
sition corresponds to a gray pixel.

While our choice of feature map �(x) was originally
motivated from a physics perspective, in machine learn-
ing terms, the feature map Eq. (2) defines a kernel which
is the product of N local kernels, one for each compo-
nent xj of the input data. Kernels of this type have been
discussed previously [38, p. 193] and have been argued
to be useful for data where no relationship is assumed
between di↵erent components of the input vector prior
to learning [39].

Though we will use only the local feature map Eq. (3)
in our MNIST experiment below, it would be interesting
to try other local maps and to understand better the role
they play in the performance of the model and the cost
of optimizing the model.

III. MULTIPLE LABEL CLASSIFICATION

In what follows we are interested in multi-class learn-
ing, for which we choose a “one-versus-all” strategy,
which we take to mean generalizing the decision func-
tion Eq. (4) to a set of functions indexed by a label `

f `(x) = W ` · �(x) (4)

and classifying an input x by choosing the label ` for
which |f `(x)| is largest.

Since we apply the same feature map � to all input
data, the only quantity that depends on the label ` is
the weight vector W `. Though one can view W ` as a
collection of vectors labeled by `, we will prefer to view
W ` as an order N +1 tensor where ` is a tensor index and

Their feature map:
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pixel, the “down” state to a black pixel, and a superpo-
sition corresponds to a gray pixel.

While our choice of feature map �(x) was originally
motivated from a physics perspective, in machine learn-
ing terms, the feature map Eq. (2) defines a kernel which
is the product of N local kernels, one for each compo-
nent xj of the input data. Kernels of this type have been
discussed previously [38, p. 193] and have been argued
to be useful for data where no relationship is assumed
between di↵erent components of the input vector prior
to learning [39].

Though we will use only the local feature map Eq. (3)
in our MNIST experiment below, it would be interesting
to try other local maps and to understand better the role
they play in the performance of the model and the cost
of optimizing the model.

III. MULTIPLE LABEL CLASSIFICATION

In what follows we are interested in multi-class learn-
ing, for which we choose a “one-versus-all” strategy,
which we take to mean generalizing the decision func-
tion Eq. (4) to a set of functions indexed by a label `

f `(x) = W ` · �(x) (4)

and classifying an input x by choosing the label ` for
which |f `(x)| is largest.

Since we apply the same feature map � to all input
data, the only quantity that depends on the label ` is
the weight vector W `. Though one can view W ` as a
collection of vectors labeled by `, we will prefer to view
W ` as an order N +1 tensor where ` is a tensor index and

For the case of grayscale image
Application to MNIST database of handwritten digits

(handwritten numbers from 0 to 9)

We can enjoy demo: http://itensor.org/miles/digit/index.html

χ Test set error
10 ~5% 500/10000
20 ~2% 200/10000
120 ~0.97% 97/10000

It is comparable with 
the state of the art!

<1%

http://itensor.org/miles/digit/index.html


References for application to machine learning

Tensor Networks for Dimensionality Reduction and Large-Scale Optimizations. 
Part 2 Applications and Future Perspectives

A. Cichocki, A-H. Phan, Q. Zhao, N. Lee, I.V. Oseledets, M. Sugiyama, D. Mandic

Foundations and Trends in Machine Learning, vol. 9, no. 4-5, pp. 249-429, 2016 (arXiv.1609.00893)

Low-Rank Tensor Networks for Dimensionality Reduction and Large-Scale 
Optimization Problems: Perspectives and Challenges PART 1

A. Cichocki, N. Lee, I.V. Oseledets, A.-H. Phan, Q. Zhao, D. Mandic

Foundations and Trends in Machine Learning: Vol. 9: No. 6, pp 431-673, 2017 (arXiv.1708.09165)

• Supervised Learning with Tensors
• Tensor Train Networks for Selected Huge-Scale Optimization Problems
• Tensor Networks for Deep Learning
• ...

Topics:

https://arxiv.org/search/cs?searchtype=author&query=Cichocki%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Phan%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Zhao%2C+Q
https://arxiv.org/search/cs?searchtype=author&query=Lee%2C+N
https://arxiv.org/search/cs?searchtype=author&query=Oseledets%2C+I
https://arxiv.org/search/cs?searchtype=author&query=Sugiyama%2C+M
https://arxiv.org/search/cs?searchtype=author&query=Mandic%2C+D
https://arxiv.org/search/cs?searchtype=author&query=Cichocki%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Lee%2C+N
https://arxiv.org/search/cs?searchtype=author&query=Oseledets%2C+I
https://arxiv.org/search/cs?searchtype=author&query=Phan%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Zhao%2C+Q
https://arxiv.org/search/cs?searchtype=author&query=Mandic%2C+D


Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



テンソルネットワーク表現への発展



Breakdown of MPS representation



EE of the 

original vector

Required bond dimension

in MPS representation

Required bond dimension  
in MPS representation

The upper bound is independent of the "length".
length of MPS ⇔ size of the problem



Phase transition
Transverse field Ising chain:

1 2 3 N… N-1

:Ferromagnetic state

:Disordered state
(Field induced ferro)

In between these two limits, 
there is a phase transition.

Disorder
Ferro

At the phase transition,  
order parameter becomes zero.
（秩序変数）
(Spontaneous) 
Magnetization
（自発磁化）

Ground state



Critical point and correlation length

:Critical point （臨界点）

:Ferromagnetic state

Disorder
Ferro

:Disordered state

Behavior of a correlation function:

:Correlation length (相関長)

:Critical point

Correlation length diverges at critical point!

Ferro



Scale invariance at the critical point

Power low decay!

After a scale transformation

Change in the correlation function is only a constant factor.

:Critical point （臨界点）

If we scale spins as
the correlation function becomes

This property is called as "scale invariance".（スケール不変性）
Physics (properties) in different scale is essentially same.



DMRG (variational MPS) calculation of TFI model

Disorder
Ferro

Until the algorithm keeps all states, i.e., for
N<2(lnM11), the DMRG is exact and only the machine’s
numerical inaccuracy is seen, limiting the precision on the
order of 10214. For longer chains, however, the errors asso-
ciated with the reduction of degrees of freedom also come in.
For the off-critical values, g52 and 0.5, the ground-state

error dEGS shows practically no size dependence. It depends,
however, crucially on the value of M . The behavior is the
most clear for g52, where the infinite system ground state is
unique with a gap above it. Even a small value of M ,
M;10, is enough to reach the machine’s precision limit
@Fig. 1~a!#. There is, on the other hand, an interesting size
dependence in the error of the first excited state dE1XS , es-
pecially for greater M values @Fig. 1~b!#. A maximum
evolves, above which dE1XS begins to dwindle again. This

can be understood, however, since the approximate excited
state, yielded by the DMRG process, is not necessarily ex-
actly orthogonal to the real ground state, and can have a
finite overlap with it. This fact leads to an overcompensation
of the otherwise increasing positive absolute error for long
chains.
For g50.5, where the ground state is asymptotically dou-

bly degenerate, the behavior is more subtle @Figs. 2~a,b!#.
The splitting of the two lowest levels decreases exponen-
tially as N increases. When this difference goes below the
machine’s precision limit ;10214, the algorithm is inca-
pable to further resolve the two levels, and the target state
that it yields is a linear combination of the two exact eigen-
vectors with random coefficients. As a consequence, in each
step of the DMRG algorithm the target state changes unpre-

FIG. 2. Same as Fig. 1, but in the ordered
regime at g50.5. Curves labeled by TS52 show
the case, when the excited state was targeted to-
gether with the ground state.

FIG. 1. Relative errors of the ~a! ground-state
energy, and ~b! first excited-state energy as a
function of the chain length N for different values
of M . Data obtained by the infinite lattice algo-
rithm (I51) in the disordered regime at g52.
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dictably, leading to the loss of optimality of the truncation
process, and hence, to considerably higher, rather scattered
error rates. As Fig. 2~b! shows, the DMRG can even ‘‘lose’’
the target state above a certain chain length. In a try to avoid
these problems, we also computed E1XS by choosing the tar-
get state to be a linear combination of the ground-state and
the first excited-state vectors. This proved to be an improve-
ment in the range where otherwise the excited state was lost;
for smaller values of N , however, the errors were consider-
ably larger @Fig. 2~b!#.
At the critical point g51, the errors were found to be by

several orders of magnitude larger than at the off-critical
values of g . This is in accordance with the findings of Ref.
15: the correlation length of the model is one of the most
significant factors that influence the precision of the DMRG
method. Moreover, the curves in Figs. 3~a,b! have a clear
size dependence. When M is kept fixed, the errors can be-
come larger by 4 to 6 orders of magnitude, as the chain
length approaches N5300. For smaller M , the clear down-
ward curvature seen in the log-log plot indicates that the
errors converge to a finite value at large lengths. For larger
M values, however, this convergence is much slower, and
the analysis is made more difficult by the appearance of a
crossover effect, which change the behavior in the small N
region, and makes the curves more flat there. While for
M516 the crossover size is around N;10 ~and hence unob-
servable!, for M532 it is at N;100, and for M548 it is at
N;250, showing that the crossover size scales for larger
lengths as more and more states are kept.
A possible interpretation of this crossover effect can be

obtained by recalling that there are two different sources of
errors in the DMRG method ~see Sec. III!. For small M , this
is clearly the ‘‘truncation’’ error that dominates. Curves with
M54,8,16 in Figs. 3~a,b! basically show the size depen-
dence of this type of error alone. The effect of the ‘‘environ-
ment’’ error only shows up for large enough M and small
enough N values, when the truncation error is strongly re-
duced. The environment error approaches its saturation ear-
lier than the truncation error, as is seen from the M548

curves, where the environment error dominates. However,
since the truncation error increases several orders of magni-
tude in the small N regime, it always exceeds the environ-
ment error for large enough sizes. This produces a rather
sharp break in the curves in the log-log plot at the crossover
size, such as seen for M532 in the figure.
For comparison, and to reduce the environment error,

computations using the finite lattice algorithm were also per-
formed. Fixing the chain length at N5100, the iteration pro-
cess was repeated until the desired energies converged. For
g52, the relative errors are plotted in Figs. 4~a,b! as a func-
tion of the sum of the discarded density matrix eigenvalues
12Pm . While there is practically no improvement in the
ground-state energy, the first excited-state energy becomes
much more precise, when further cycles are carried out, and
full convergence is reached only after the I53 iteration. At
the critical point g51, dEGS and dE1XS behave similarly:
two cycles are needed to get rid of the environment error
@Figs. 5~a,b!#.
It is seen in the figures that the I51 cycle data ~the infi-

nite lattice algorithm results! do not fit onto a straight line on
the log-log plot. Points from the fully converged cycles,
however, do so nicely. The slope of the fitted line was found
to be very close to unity in all cases, indicating that the error
is proportional to the discarded weights, i.e.,

dE5const~12Pm!, ~23!

where the constant can depend on the model parameters and
the system size. We emphasize, however, that this form only
holds for the converged energies. Extrapolating the infinite
lattice algorithm (I51) data by this formula to the
12Pm!0 (M!`) limit can yield false results.

B. One-point correlation functions

Expectation values of local operators in the ground state
were computed using the finite lattice algorithm at a fixed
chain length N5100. Both Mn

x and Mn
z (n51, . . . ,100!

were measured, and the errors dMn
a[Mn

a(DMRG)

FIG. 3. Same as Fig. 1, but at the critical point
g51. Curves with M54,8,16 are dominated by
the truncation error, while those with M548 by
the environment error. The M532 curves show a
crossover between the two types.
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Errors of the ground and the 1st excited  
states energies varying system size N.

For a fixed dimension m,

The errors are almost independent of N.
Ferro and disordered states:

The errors gradually increases as increase N.
Critical point:

Ö. Legeze, and G. Fáth, Phys. Rev. B 53, 14349 (1996)



State EE of the 

original vector

Required bond 
dimension

Ferro or 
Disordered

Critical

Entanglement entropy of TFI model

Entanglement  entropy: A B

We need polynomially large bond dimension for critical system!

More efficient tensor network for critical systems?

Key point: Scale invariance of the system



Higer dimensional system
Transverse field Ising model on square lattice:

:Summation over the  
nearest neighbor pair

Two-dimensional array

Disorder
Ferro

Phase diagram
Even in ferro and disordered phases, 

the entanglement entropy depends on size N.

Area law Lx

Ly



MPS for two-dimensional system
When we apply MPS representation for a square lattice system:

Possible MPS
(Snake form)

Two settings of system and environment

A' B'

A

B

:Satisfying area law?

:Break down of the area law!

(1) (2)

Setting (1)

Setting (2)

MPS cannot cover the area law of the entanglement  
entropy in higher (d =2,3, ...) dimensions.

Lx

Ly



MPS for two-dimensional system: comment

A' B'

A

B

MPS can treat "rectangular" or "quasi one dimensional" lattice.
(1)

(2)

In setting (1), MPS can satisfy the area low partially.

We can increase Lx easily with keeping Ly constant.

Ly

Lx

Quasi one dimensional system ("strip" or "cylinder")



Tensor network for critical systems: 
Multi-scale Entanglement Renormalization Ansatz



Hierarchical structure: tree tensor network

Critical system

A simple scale invariant tensor network: tree tensor network

Notice: 

Scale invariance

MPS Tree tensor network state
"scale"

(re
no

rm
ali

za
tio

n)



Unitary tensors

i j

k l

Unitary tensor
k l

k' l' k' l'

k l

i j

i' j'

i j

i' j'



Isometric tensors

k

i j

Isometric tensor (half unitary tensor) = Isometry

k

k'

k

k'

Unitarity condition only for "bottom" legs.

Isometry works as a "projector" from the bottom space  to the top space.

dim(bottom) � dim(top)

It is also related to the "renormalization" of degree of freedoms.

We pick up "important" degree of freedoms by isometries.



Isometric tree tensor network and its scale invariance
Consider an (infinite) tree tensor network consists 

of identical isometries as a wave function.
Properties:

1. It is normalized as 

2. It can be scale invariant.
(Trivial from the definition of the isometry)

If , then Scale invariant!

spin "renormalized" spin



Entanglement entropy of TTN

Entanglement entropy of tree tensor networks (TTN):
Due to the tree structure, two regions are connected by only "one bond".

A A A A A A A A B B B B B B B B

Cut here!

A A A A B B B B B B B B B B B B

Cut here!

(or a few)



MERA

Multi-scale Entanglement Renormalization Ansatz (MERA)
Before applying isometry, insert a unitary tensor.

TTN MERA
Unitary tensor:

Isometry:

(G. Vidal, Phys. Rev. Lett. 99, 220405 (2007))
(G. Vidal, Phys. Rev. Lett. 101, 110501 (2008))

Normalization 
Scale invariance (if we set the identical tensors)



Entanglement entropy of MERA

A A A B B B B B B BB B B BB B

Minimum # of cuts = 2

A A A B B B B B B BB BA A A A

Minimum # of cuts = 3

Due to the unitary matrices, # of bonds connecting two regions 
logarithmically increase.

rank ⇢A  �Nc(N) ⇠ �logN

SA = �Tr ⇢A log ⇢A  (log�) logN

Nc(N)

# of minimum cut  
for a N-site region



Application of MERA

option to represent !!" than the standard MERA with T
# log3 N layers, in that it offers a more compact description
and the cost of the simulations is also lower since there are
less tensors to be optimized. The algorithm is adapted in a
straightforward way. The only significant difference is that
the top isometries, being of type $0,3%, do not require any
density matrix in their optimization $their environment is
only a function of neighboring disentanglers and isometries,
and of Hamiltonian terms%.

A clear advantage of the finite-range MERA is in a
translation-invariant system, where the cost of a simulation
with range "=3T! is O$#8 log3 "%, that is, independent of N.
This allows us to take the limit of an infinite system. We find
that given a translation-invariant Hamiltonian H
=&r=1

N h'r,r+1(, where h'r,r+1( is the same for all r!L, the op-
timization of a finite-range MERA will lead to the same col-
lection of optimal disentanglers and isometries
)$u1 ,w1% ,$u2 ,w2% , . . . ,$uT! ,wT!%*, for different lattice sizes
N ,N! ,N" , . . . larger than ". This is due to the existence of
disconnected causal cones, which imply that the cost func-
tions for the optimization are not sensitive to the total system
size provided it is larger than ". As a result,
)$u1 ,w1% ,$u2 ,w2% , . . . ,$uT! ,wT!%* can be used to define not
just one but a whole collection of states
!!$N%" , !!$N!%" , !!$N"%" , . . ., for lattices of different sizes
N ,N! ,N" , . . ., such that they all have the same two-site den-
sity matrix $ and therefore also the same expected value of
the energy per link,

+!$N%!h!!$N%" = +!$N!%!h!!$N!%" = ¯ . $74%

In particular, we can use the finite-range MERA algorithm to
obtain an upper bond for the ground-state energy of an infi-
nite system, even though only T! pairs $u% ,w%% are optimized.

VI. BENCHMARK CALCULATIONS FOR 1D
SYSTEMS

In order to benchmark the algorithms of Sec. V, we have
analyzed zero-temperature, low-energy properties of a num-
ber of 1D quantum spin systems. Specifically, we have con-
sidered the Ising model,24 the three-state Potts model,25 the
XX model,26 and the Heisenberg models,27 with Hamilto-
nians

HIsing = &
r

$&'z
'r(+ 'x

'r('x
'r+1(% , $75%

HPotts = &
r
,&Mz

'r(+ &
a=1,2

Mx,a
'r(Mx,3−a

'r+1(- , $76%

HXX = &
r

$'x
'r('x

'r+1(+ 'y
'r('y

'r+1(% , $77%

HHeisenberg = &
r

$'x
'r('x

'r+1(+ 'y
'r('y

'r+1(+ 'z
'r('z

'r+1(% , $78%

where 'x, 'y, and 'z are the spin-1/2 Pauli matrices and
Mx,1, Mx,2, and Mz are the matrices

FIG. 24. $Color online% $Top% The energy error of the MERA
approximations to the ground state of the infinite Ising model, as
compared against exact analytic values, is plotted both for different
transverse magnetic field strengths and different values of the
MERA refinement parameter #. The finite-correlation-range algo-
rithm $with at most T=5 levels% was used for noncritical ground
states, while the scale-invariant MERA was used for simulations at
the critical point. It is seen that representing the ground state is most
computationally demanding at the critical point, although even at
criticality the MERA approximates the ground state to between five
digits of accuracy $#=4% and ten digits of accuracy $#=22%. $Bot-
tom% Scale-invariant MERA are used to compute the ground states
of infinite, critical, 1D spin chains of Eqs. $75%–$78% for several
values of #. In all instances one observes a roughly exponential
convergence in energy over a wide range of values for # as indi-
cated by trend lines $dashed line%. Energy errors for Ising, XX, and
Heisenberg models are taken relative to the analytic values for
ground energy, while energy errors presented for the Potts model
are taken relative to the energy of a #=22 simulation.

FIG. 23. $Color online% A finite-correlation-range MERA with
T!=2 layers is used to represent a state of N=36 sites. Since it lacks
the uppermost layers, only sites within a finite distance or range "

#3T! of each other may be correlated. More precisely, only pairs of
sites $r1 ,r2% whose past casual cones intersect can be correlated, as
it is the case with the pair of sites $6,14% but not with $14,26%, for
which we have +o'14(o'26("=+o'14("+o'26(".

ALGORITHMS FOR ENTANGLEMENT RENORMALIZATION PHYSICAL REVIEW B 79, 144108 $2009%

144108-17

dictably, leading to the loss of optimality of the truncation
process, and hence, to considerably higher, rather scattered
error rates. As Fig. 2~b! shows, the DMRG can even ‘‘lose’’
the target state above a certain chain length. In a try to avoid
these problems, we also computed E1XS by choosing the tar-
get state to be a linear combination of the ground-state and
the first excited-state vectors. This proved to be an improve-
ment in the range where otherwise the excited state was lost;
for smaller values of N , however, the errors were consider-
ably larger @Fig. 2~b!#.
At the critical point g51, the errors were found to be by

several orders of magnitude larger than at the off-critical
values of g . This is in accordance with the findings of Ref.
15: the correlation length of the model is one of the most
significant factors that influence the precision of the DMRG
method. Moreover, the curves in Figs. 3~a,b! have a clear
size dependence. When M is kept fixed, the errors can be-
come larger by 4 to 6 orders of magnitude, as the chain
length approaches N5300. For smaller M , the clear down-
ward curvature seen in the log-log plot indicates that the
errors converge to a finite value at large lengths. For larger
M values, however, this convergence is much slower, and
the analysis is made more difficult by the appearance of a
crossover effect, which change the behavior in the small N
region, and makes the curves more flat there. While for
M516 the crossover size is around N;10 ~and hence unob-
servable!, for M532 it is at N;100, and for M548 it is at
N;250, showing that the crossover size scales for larger
lengths as more and more states are kept.
A possible interpretation of this crossover effect can be

obtained by recalling that there are two different sources of
errors in the DMRG method ~see Sec. III!. For small M , this
is clearly the ‘‘truncation’’ error that dominates. Curves with
M54,8,16 in Figs. 3~a,b! basically show the size depen-
dence of this type of error alone. The effect of the ‘‘environ-
ment’’ error only shows up for large enough M and small
enough N values, when the truncation error is strongly re-
duced. The environment error approaches its saturation ear-
lier than the truncation error, as is seen from the M548

curves, where the environment error dominates. However,
since the truncation error increases several orders of magni-
tude in the small N regime, it always exceeds the environ-
ment error for large enough sizes. This produces a rather
sharp break in the curves in the log-log plot at the crossover
size, such as seen for M532 in the figure.
For comparison, and to reduce the environment error,

computations using the finite lattice algorithm were also per-
formed. Fixing the chain length at N5100, the iteration pro-
cess was repeated until the desired energies converged. For
g52, the relative errors are plotted in Figs. 4~a,b! as a func-
tion of the sum of the discarded density matrix eigenvalues
12Pm . While there is practically no improvement in the
ground-state energy, the first excited-state energy becomes
much more precise, when further cycles are carried out, and
full convergence is reached only after the I53 iteration. At
the critical point g51, dEGS and dE1XS behave similarly:
two cycles are needed to get rid of the environment error
@Figs. 5~a,b!#.
It is seen in the figures that the I51 cycle data ~the infi-

nite lattice algorithm results! do not fit onto a straight line on
the log-log plot. Points from the fully converged cycles,
however, do so nicely. The slope of the fitted line was found
to be very close to unity in all cases, indicating that the error
is proportional to the discarded weights, i.e.,

dE5const~12Pm!, ~23!

where the constant can depend on the model parameters and
the system size. We emphasize, however, that this form only
holds for the converged energies. Extrapolating the infinite
lattice algorithm (I51) data by this formula to the
12Pm!0 (M!`) limit can yield false results.

B. One-point correlation functions

Expectation values of local operators in the ground state
were computed using the finite lattice algorithm at a fixed
chain length N5100. Both Mn

x and Mn
z (n51, . . . ,100!

were measured, and the errors dMn
a[Mn

a(DMRG)

FIG. 3. Same as Fig. 1, but at the critical point
g51. Curves with M54,8,16 are dominated by
the truncation error, while those with M548 by
the environment error. The M532 curves show a
crossover between the two types.
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MERA DMRG

Transverse field Ising chain:

Energy errors:
(Infinite chain) (finite chain)

Ö. Legeze, and G. Fáth (1996)(G. Evenbly and G. Vidal, Phys. Rev. B. 79, 144108 (2009))

MERA can represent 
very large (Infinite)  

critical system!



Interesting topics related to MERA

• By using scale invariance of MERA, we can calculate properties of critical system 
accurately. 

• Critical exponents and Operator product expansion coefficients in the Conformal 
Filed Theory (CFT)  

• We can consider MERA in higher dimensions 

• It is scale invariant but satisfies the area low 

• For the system with logarithmic correction in the EE, such as metal, "branching 
MERA" has been proposed. 

• Relation between MERA and other fields 

• Wavelet transform 

• AdS/CFT (quantum gravity, black hole)

(G. Evenbly and G. Vidal, Phys. Rev. B. 79, 144108 (2009))
(R.N.C. Pfeifer, (G. Evenbly  and G. Vidal, Phys. Rev. A. 79, 040301(R) (2009))

(G. Evenbly and G. Vidal, Phys. Rev. Lett. 102, 180406 (2009))

(G. Evenbly and G. Vidal, Phys. Rev. Lett. 112, 220502 (2014))
(G. Evenbly and G. Vidal, Phys. Rev. B. 89, 235113 (2014))

(G. Evenbly and S. R. White, Phys. Rev. Lett. 112, 140403 (2016))

(M. Nozaki, S. Ryu, and T. Takayanagi, J. High Energy Phys. 10, 193 (2012))



Tensor network for higher dimensional systems: 
Tensor Product State 
(Projected Entangled Pair State)



Entanglement entropy in higher dimensions

A

B

L

Ground state wave functions:
For a lot of ground states, EE is proportional to its area.

J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)

In d=1, MPS satisfies the area low.

Area low:

Q. What is a simple generalization of MPS to d > 1?

A. It is Tensor Product State (TPS)!



Tensor Product State (TPS)

PEPS (Projected Entangled-Pair State)
(F. Verstraete and J. Cirac, arXiv:cond-mat/0407066)

d-dimensional tensor network representation 

for the wave function of a d-dimensional quantum system

x,y,x’,y’ = 1,2, ... D D = “bond dimension”

mi= 1,2, ... m m = dimension of the local Hilbert space 

*D can be larger than m.  “Virtual state “

: Rank 4+1 tensor

TPS on square lattice

Tr: tensor network “contraction”

(AKLT, T. Nishino, K. Okunishi, …) TPS (Tensor Product State)

Tensor = Projector

Maximally entangled state

between D-state spins



Entanglement entropy of TPS (PEPS)

Bond dimension = D

# of bonds connecting regions A and B
(square lattice)
(d-dimensional 

hyper cubic lattice)

rank ⇢A  DNc(L) ⇠ D2dLd�1

Nc(L) = 4L

Nc(L) = 2dLd�1
A

B
SA = �Tr ⇢A log ⇢A  2dLd�1 logD

TPS can satisfies the area law even for d >1.
We can efficiently approximate vectors  
in higher dimensional space by TPS.

* Similar to the MPS in 1d, TPS can approximate infinite system!



Example: Ground state represented by TPS 

Toric code model

3

The two-dimensional toric code

The toric code is an exactly solvable spin 1/2 model on the square lattice. It exhibits a
ground state degeneracy of 4g when embedded on a surface of genus g and a quasiparti-
cle spectrum with both bosonic and fermionic sectors. Although we will not introduce
it as such, the model can be viewed as an Ising gauge theory at a particularly simple
point in parameter space (see Sec. 4.5). Many of the topological features of the toric
code model were essentially understood by Read and Chakraborty (1989), but they
did not propose an exactly solved model. A more detailed exposition of the toric code
may be found in Kitaev (2003).

We consider a square lattice, possibly embedded into a nontrivial surface such as
a torus, and place spins on the edges, as in Fig. 3.1. The Hamiltonian is given by

HT = −Je

∑

s

As − Jm

∑

p

Bp (3.1)

where s runs over the vertices (stars) of the lattice and p runs over the plaquettes.
The star operator acts on the four spins surrounding a vertex s,

Bp

As

Fig. 3.1 A piece of the toric code. The spins live on the edges of the square lattice. The

spins adjacent to a star operator As and a plaquette operator Bp are shown.

The two-dimensional toric code

As =
∏

j∈star(s)

σx
j (3.2)

while the plaquette operator acts on the four spins surrounding a plaquette,

Bp =
∏

j∈∂p

σz
j . (3.3)

Clearly, the As all commute with one another, as do the Bp. Slightly less trivially,

AsBp = BpAs (3.4)

because any given star and plaquette share an even number of edges (either none or
two) and therefore the minus signs arising from the commutation of σx and σz on
those edges cancel. Since all of the terms of HT commute, we expect to be able to
solve it term by term.

In particular, we will solve HT working in the σz basis. Define classical variables
sj = ±1 to label the σz basis states. For each classical spin configuration {s}, we can
define the plaquette flux

wp(s) =
∏

j∈∂p

sj . (3.5)

If wp = −1, we say that there is a vortex on plaquette p.

3.1 Ground states

To find the ground states |Ψ
〉

of HT , we need to minimize the energy, which means
maximize the energy of each of the As and Bp terms. The plaquette terms provide the
condition

Bp|Ψ
〉

= |Ψ
〉

(3.6)

which holds if and only if

|Ψ
〉

=
∑

{s:wp(s)=1 ∀p}

cs|s
〉

(3.7)

. That is, the ground state contains no vortices. The group of star operators act on
the configurations s by flipping spins. Thus, the star conditions

As|Ψ
〉

= |Ψ
〉

(3.8)

hold if and only if all of the cs are equal for each orbit of the action of star operators.
In particular, if the spin flips of As are ergodic, as they are on the plane, all cs must
be equal and the ground state is uniquely determined.

On the torus, the star operators preserve the cohomology class of a vortex-free spin
configuration. In more physical terms, we can define conserved numbers given by the
Wilson loop like functions

wl(s) =
∏

j∈l

sj , l = l1, l2 (3.9)

where l1 and l2 are two independent non-trivial cycles on the square lattice wrapping
the torus (Fig. 3.2). Any given star will overlap with a loop l in either zero or two

The two-dimensional toric code

As =
∏

j∈star(s)

σx
j (3.2)

while the plaquette operator acts on the four spins surrounding a plaquette,

Bp =
∏

j∈∂p

σz
j . (3.3)

Clearly, the As all commute with one another, as do the Bp. Slightly less trivially,

AsBp = BpAs (3.4)

because any given star and plaquette share an even number of edges (either none or
two) and therefore the minus signs arising from the commutation of σx and σz on
those edges cancel. Since all of the terms of HT commute, we expect to be able to
solve it term by term.

In particular, we will solve HT working in the σz basis. Define classical variables
sj = ±1 to label the σz basis states. For each classical spin configuration {s}, we can
define the plaquette flux

wp(s) =
∏

j∈∂p

sj . (3.5)

If wp = −1, we say that there is a vortex on plaquette p.

3.1 Ground states

To find the ground states |Ψ
〉

of HT , we need to minimize the energy, which means
maximize the energy of each of the As and Bp terms. The plaquette terms provide the
condition

Bp|Ψ
〉

= |Ψ
〉

(3.6)

which holds if and only if

|Ψ
〉

=
∑

{s:wp(s)=1 ∀p}

cs|s
〉

(3.7)

. That is, the ground state contains no vortices. The group of star operators act on
the configurations s by flipping spins. Thus, the star conditions

As|Ψ
〉

= |Ψ
〉

(3.8)

hold if and only if all of the cs are equal for each orbit of the action of star operators.
In particular, if the spin flips of As are ergodic, as they are on the plane, all cs must
be equal and the ground state is uniquely determined.

On the torus, the star operators preserve the cohomology class of a vortex-free spin
configuration. In more physical terms, we can define conserved numbers given by the
Wilson loop like functions

wl(s) =
∏

j∈l

sj , l = l1, l2 (3.9)

where l1 and l2 are two independent non-trivial cycles on the square lattice wrapping
the torus (Fig. 3.2). Any given star will overlap with a loop l in either zero or two

(A. Kitaev, Ann. Phys. 303, 2 (2003).

Its ground state is so called Z2 spin liquid state.
"Spin liquid" is a novel phase different from conventional magnetic orders. 
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(Non-zero elements of tensor)0,1: eigen state of σx

(F. Verstraete, et al, Phys. Rev. Lett. 96, 220601 (2006).It can be represented by D=2 TPS.



Difference between MPS and TPS

MPS

TPS 
(PEPS)

Cost of tensor network contraction: 

O(N)

O(eL
d�1

)

MPS:

TPS:

d-dimensional cubic lattice N = Ld

It is impossible to perform  exact  
contraction even if we know  

local tensors in the case of TPS.

In the case of TPS,  
usually we approximately 
calculate the contraction.



Example of approximate contraction: CTM method

Infinite PEPS
(with a translational invariance)

(R. Orus et al, Phys. Rev. B 80, 094403 (2009))

C C

CC

e

e

e

e

C

Corner transfer matrix

e

Edge tensor

=bond dimension

Corner transfer matrix 
Representation

For (infinite) open boundary system

=
Double tensor

(T. Nishino and K. Okunishi, JPSJ 65, 891 (1996))

Environment

Environment

Mapping to a "classical" system



Cost of (approximate) contraction
MPS:

TPS:

=

C e
When we use CTM environment in 2D,

We can treat very small bond 
dimensions in TPS!



Application of TPS to eigenvalue problem

Variational method:

Imaginary time evolution:

For calculation of minimum eigenvalues and its eigenvector, 
we can use similar techniques to those in MPS

Simulate imaginary time evolution:

For a initial state
（虚時間発展）

(H. G.  Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))

(P. Corboz, Phys. Rev. B 94, 035133 (2016))
(L. Vanderstraeten, Phys. Rev. B 94, 155123 (2016))

minimize cost function:

(J. Jordan et al, Phys. Rev. Lett. 101, 250602 (2008))



Example of application: Honeycomb lattice Kitaev 
Model

Kitaev model

Phase diagram

x-bond

y-bond

z-bond

:bond direction

Depending on the bond direction, only 
specific spin components interact.

Exactly solvable by introducing Majorana fermion 
Isotropic region (B) : gapless spin liquid

Anisotropic region (A) : gapped spin liquid

A. Kitaev, Annals of Physics 321, 2 (2006) 

gapped

gapped gapped

gapless*Recently, researchers have realized that this  
type of models might appear in real materials. 

Hot topic!

Cf. The anisotropic limit corresponds to the Toric code.



Application : Kitaev spin liquid

Honeycomb lattice Kitaev model

x-bond

y-bond

z-bond

At , the ground state is
a gapless spin liquid.
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Energy error obtained by iTPS

iTPS can represent Kitaev spin liquid  
in the thermodynamic limit accurately.

In the present (super)computers,  
we can access around D=10 (maybe 16)  

by using massively parallel code.

The error of the ground state  
energy is less than 10-3 

for infinite system!

(T. okubo et al, unpublished)



Interesting topics related to TPS

• Application to itinerant electron system, which may break the area law  

• Characterization of topologies in wave function 

• Symmetric tensor network and modular matrix 

• Application to three dimensions 

• So far, there is no practical calculations for non-trivial models. 

• Mainly, due to the scaling: 

(P. Corboz et al, Phys. Rev. B. 81, 165104 (2010))

(P. Corboz, Phys. Rev. B. 93, 045116 (2016))

(J.-W. Mei et al, Phys. Rev. B. 95, 235107 (2017))



Tentative lecture schedule

1日目

2日目

3日目

Optional

1.現代物理学における巨大なデータと情報圧縮 
2.格子スピン模型の統計力学 
3.線形代数の復習 
4.特異値分解と低ランク近似 
5.テンソルネットワーク繰り込みによる情報圧縮 
6.情報のエンタングルメントと行列積表現 
7.行列積表現の固有値問題への応用 
8.テンソルネットワーク表現への発展 
9.フラストレート磁性体への応用



フラストレート磁性体への応用 
（optional: 時間があれば。）



フラストレートレーション

• スピン液体 
• 隠れた秩序、トポロジー

・古典スピン模型：

複数の最適化条件を同時に満たせない状態 
あちらを立てればこちらが立たず

磁性体におけるフラストレーション
最適化条件：エネルギーを最小にしたい

局所的なエネルギー最小：各ペアでスピンを反平行
反強磁性

イジングスピン

全ての辺で同時に 
スピンを反平行に出来ない

? ・量子スピン模型：

• 大規模な基底状態の縮重 
• 弱い摂動による新規秩序 
• 傾いた磁気秩序

フラストレートスピン系

傾いた磁気秩序
（120°構造）

ベクトルスピン



フラストレート量子スピン系の数値計算
フラストレート量子スピン系における数値計算の課題

熱力学極限に迫れる手法が少ない

• 量子モンテカルロ法： 
• 厳密対角化法　　　： 
• 変分モンテカルロ法：

厳密だが、少数クラスターしか取り扱えない
負符号問題のため、精度が出ない

大きな系を扱えるが、バイアスが存在

テンソルネットワーク法
変分波動関数として、（基底状態の）波動関数を“効率的”に表現した 

テンソルネットワーク状態を用いる

・無限系の波動関数を直接取り扱える！
・フラストレーションがあっても問題なし！



変分波動関数としてのTPS

• Area lawを満たせるので、ボンド次元Dを十分に大きい有限の値 
にとれば、多くの基底状態を表現できる 

• 並進対称性を仮定すれば、無限系でさえ有限のDで計算可能 

• テンソルの最適化、期待値の計算の手法がかなり発達してきた 

• スピン液体相等の非自明な基底状態でもOK 
e.g. ハニカム格子上のKitaev スピン液体

J. O. Iregui, P. Corboz, and M. Troyer, et al., PRB 90, 195102 (2014).

並進対称性の例：



Application of TPS to eigenvalue problem

Variational method:

Imaginary time evolution:

For calculation of minimum eigenvalues and its eigenvector, 
we can use similar techniques to those in MPS

Simulate imaginary time evolution:

For a initial state
（虚時間発展）

(H. G.  Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))

(P. Corboz, Phys. Rev. B 94, 035133 (2016))
(L. Vanderstraeten, Phys. Rev. B 94, 155123 (2016))

minimize cost function:

(J. Jordan et al, Phys. Rev. Lett. 101, 250602 (2008))



Application1: Honeycomb lattice Kitaev Model

Kitaev model

Phase diagram

x-bond

y-bond

z-bond

:bond direction

Depending on the bond direction, only 
specific spin components interact.

Exactly solvable by introducing Majorana fermion 
Isotropic region (B) : gapless spin liquid

Anisotropic region (A) : gapped spin liquid

A. Kitaev, Annals of Physics 321, 2 (2006) 

gapped

gapped gapped

gapless*Recently, researchers have realized that this  
type of models might appear in real materials. 

Hot topic!

Cf. The anisotropic limit corresponds to the Toric code.
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A2IrO3

Strong spin-orbit coupling Effective ``spin” moment: 

Iridium Oxides

for the symmetry of the intersite interactions. Namely, the
very form of the exchange Hamiltonian depends on bond
geometry through a density profile of Kramers states, as we
demonstrate below.

Exchange couplings of neighboring Kramers states.—
We consider the limit of the strong spin-orbit coupling, i.e.,
when ! is larger than exchange interaction between the
isospins. The exchange Hamiltonians for isospins are then
obtained by projecting the corresponding superexchange
spin-orbital models onto the isospin states Eq. (1). First, we
present the results for the case of cubic symmetry (! ¼ 0,
sin"¼ 1=

ffiffiffi
3

p
), and discuss later the effects of a tetragonal

distortion. We consider two common cases of TM-O-TM
bond geometries: (A) a 180"-bond formed by corner-
shared octahedra as in Fig. 2(a), and (B) a 90"-bond
formed by edge-shared ones, Fig. 2(b).

(A) A 180" bond: For this geometry, the nearest-
neighbor t2ghopping matrix is diagonal in the orbital space
and, on a given bond, only two orbitals are active, e.g., jxyi
and jxzi orbitals along a bond in x-direction [Fig. 2(a)].
The spin-orbital exchange Hamiltonian for such a system
has already been reported: see Eq. (3.11) in Ref. [12]. After
projecting it onto the ground state doublet, we find an
exchange Hamiltonian for isospins in a form of

Heisenberg plus a pseudodipolar interaction,

H ij ¼ J1 ~Si # ~Sj þ J2ð ~Si # ~rijÞð~rij # ~SjÞ; (2)

where ~Si is theS¼ 1=2 operator for isospins (referred to as
simply spins from now on), ~rij is the unit vector along the
ij bond, and J1ð2Þ ¼ 4

9#1ð2Þ. Hereafter, we use the energy
scale 4t2=U where t is a dd-transfer integral through an
intermediate oxygen, and U stands for the Coulomb re-
pulsion on the same orbitals. The parameters #1ð2Þ control-
ling isotropic (anisotropic) couplings are given by
#1 ¼ ð3r1 þ r2 þ 2r3Þ=6 and #2 ¼ ðr1 ' r2Þ=4, where
the set of rn characterizing the multiplet structure of the
excited states depends solely on the ratio $ ¼ JH=U of
Hund’s coupling and U [24]. At small $, one has #1 ’ 1
and #2 ’ $=2. Thus, we find a predominantly isotropic
Hamiltonian, with a weak dipolarlike anisotropy term.
While the overall form of Eq. (2) could be anticipated
from symmetry arguments, the explicit derivation led us
to an unexpected result: In the limit of strong SO coupling,
the magnetic degrees are governed by a nearly Heisenberg
model just like in the case of small !, and, surprisingly
enough, its anisotropy is entirely due to the Hund’s cou-
pling. This is opposite to a conventional situation: typi-
cally, the anisotropy corrections are obtained in powers of
! while the Hund’s coupling is not essential.
(B) A 90" bond: There are again only two orbitals active

on a given bond, e.g., jxzi and jyzi orbitals along a bond in
the xy-plane. However, the hopping matrix has now only
nondiagonal elements, and there are two possible paths for
a charge transfer [via upper or lower oxygen, see Fig. 2(b)].
This peculiarity of a 90" bond leads to an exchange
Hamiltonian drastically different from that of a 180" ge-
ometry. Two transfer amplitudes via upper and lower oxy-
gen interfere in a destructive manner and the isotropic part
of the Hamiltonian exactly vanishes. The finite, anisotropic
interaction appears, however, due to the JH-multiplet struc-
ture of the excited levels. Most importantly, the very form
of the exchange interaction depends on the spatial orienta-
tion of a given bond. We label a bond ij laying in the %&
plane perpendicular to the 'ð¼ x; y; zÞ axis by a (')-bond.
With this in mind, the Hamiltonian can be written as

H ð'Þ
ij ¼ ' JS'i S

'
j ; (3)

with J ¼ 4
3#2. Remarkably, this Hamiltonian is precisely a

quantum analog of the so-called compass model. The latter,
introduced originally for the orbital degrees of freedom in
Jahn-Teller systems [5], has been the subject of numerous
studies as a prototype model with protected ground state
degeneracy of topological origin (see, e.g., Ref. [25]).
However, to our knowledge, no magnetic realization of
the compass model has been proposed so far.
Implementing the Kitaev model in Mott insulators.—The

Kitaev model is equivalent to a quantum compass model on
a honeycomb lattice [26]. It shows a number of fascinating
properties such as anyonic excitations with exotic frac-

isospin up spin up, lz=0 spin down, lz=1

+=

FIG. 1 (color online). Density profile of a hole in the isospin
up state (without tetragonal distortion). It is a superposition of a
spin up hole density in jxyi-orbital, lz ¼ 0 (middle), and spin
down one in ðjyzi þ ijxziÞ state, lz ¼ 1 (right).

p yxy xy

p zxz xz

180 o

(a)

p z

p z

(b)

xz yz

yz xz

o90

FIG. 2 (color online). Two possible geometries of a TM-O-TM
bond with corresponding orbitals active along these bonds. The
large (small) dots stand for the transition metal (oxygen) ions.
(a) A 180"-bond formed by corner-shared octahedra, and (b) a
90"-bond formed by edge-shared octahedra.
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tional statistics, topological degeneracy, and, in particular,
it is relevant for quantum computation [18]. This generated
an enormous interest in a possible realization of this model
in real systems, with current proposals based on optical
lattices [27]. Here, we outline how to ‘‘engineer’’ the
Kitaev model in Mott insulators.

Shown in Fig. 3(a) is a triangular unit formed by 90!

bonds together with ‘‘compass’’ interactions that follow
from Eq. (3). Such a structure is common for a number of
oxides, e.g., layered compounds ABO2 (where A and B are
alkali and TM ions, respectively). The triangular lattice of
magnetic ions in an ABO2 structure can be depleted down
to a honeycomb lattice (by periodic replacements of TM
ions with nonmagnetic ones). One then obtains an A2BO3

compound, which has a hexagonal unit shown in Fig. 3(b).
There are three nonequivalent bonds, each being perpen-
dicular to one of the cubic axes x, y, z. Then, according to
Eq. (3), the spin coupling, e.g., on a (x)-bond, is of Sxi S

x
j

type, precisely as in the Kitaev model. The honeycomb
lattice provides a particularly striking example of new
physics introduced by strong SO coupling: the
Heisenberg model is converted into the Kitaev model
with a spin-liquid ground state.

The compound Li2RuO3 [28] represents a physical ex-
ample of the A2BO3 structure. By replacement of spin-one
Ru4þ with spin-one-half Ir4þ ions, one may realize a
strongly spin-orbit-coupledMott insulator with low-energy
physics described by the Kitaev model.

‘‘Weak’’ ferromagnetism of Sr2IrO4.—As an example of
a spin-orbit-coupled Mott insulator, we discuss the layered
compound Sr2IrO4, a t2g analog of the undoped high-Tc

cuprate La2CuO4. In Sr2IrO4, a square lattice of Ir
4þ ions is

formed by corner-shared IrO6 octahedra, elongated along
the c-axis and rotated about it by ! ’ 11! [19] (see Fig. 4).
Sr2IrO4 undergoes a magnetic transition at # 240 K dis-

playing a weak FM, which can be ascribed to a
Dzyaloshinsky-Moriya (DM) interaction. The puzzling
fact is that ‘‘weak’’ FM moment is unusually large,
’ 0:14"B [20] which is 2 orders of magnitude larger
than that in La2CuO4 [29]. A corresponding spin canting
angle # ’ 8! is close to !, i.e., the ordered spins seem to
rigidly follow the staggered rotations of octahedra. Here,
we show that the strong SO coupling scenario gives a
natural explanation of this observation.
We first show the dominant part of the Hamiltonian for

Sr2IrO4 neglecting the Hund’s coupling for a moment.
Accounting for the rotations of IrO6 octahedra, we find

H ¼ J ~Si % ~Sj þ JzS
z
i S

z
j þ ~D % ½ ~Si ' ~Sj(: (4)

Here, the isotropic coupling J ¼ $1ðt2s * t2aÞ, where ts ¼
sin2% þ 1

2 cos
2% cos2!, and ta ¼ 1

2 cos
2% sin2!. The second

and third terms describe the symmetric and DM anisotro-
pies, with Jz ¼ 2$1t

2
a, ~D ¼ ð0; 0; * DÞ, and D ¼ 2$1tsta.

[For ! ¼ 0, these terms vanish and we recover J1-term of
the 180! result (2).] As it follows from Eq. (4), the spin
canting angle is given by a ratio D=J ’ 2ta=ts # 2!which
is independent of &, and is solely determined by lattice
distortions. This explains the large spin canting angle # #
! in Sr2IrO4.
As in the case of weak SO coupling [30], the

Hamiltonian (4) can in fact be mapped to the Heisenberg

model ~~Si % ~~Sj where operators ~~S are obtained by a stag-

gered rotation of ~S around the z-axis by an angle , #, with
tanð2#Þ ¼ D=J. Thus, at JH ¼ 0, there is no true magnetic
anisotropy. Once JH-corrections are included, the
Hamiltonian receives also the anisotropic terms,

Syy
2 3S

Sx x
1 2S

SSz z
1 3 (b)

xx

zz

yy

(a)

y

z

x

1

3

2

FIG. 3 (color online). Examples of the structural units formed
by 90! TM-O-TM bonds and corresponding spin-coupling pat-
terns. Gray circles stand for magnetic ions, and small open
circles denote oxygen sites. (a) Triangular unit cell of
ABO2-type layered compounds, periodic sequence of this unit
forms a triangular lattice of magnetic ions. The model (3) on this
structure is a realization of a quantum compass model on a
triangular lattice: e.g., on a bond 1-2, laying perpendicular to
x-axis, the interaction is Sx1S

x
2. (b) Hexagonal unit cell of

A2BO3-type layered compound, in which magnetic ions
(B-sites) form a honeycomb lattice. (Black dot: nonmagnetic
A-site). On an xx-bond, the interaction is Sxi S

x
j , etc. For this

structure, the model (3) is identical to the Kitaev model.

π/8 π/4 3π/8 π/2
θ

0
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α

spin−flop
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c>ac<a

cubic

φ

collinear || 

α

z

y

xz

z

FIG. 4. The spin canting angle # (in units of !) as a function
of the tetragonal distortion parameter %. Inset shows a sketch of
an IrO2-plane. The oxygen octahedra are rotated by an angle , !
about z-axis forming a two sublattice structure. In the cubic case,
% ’ '=5, one has # ¼ ! exactly. The spin-flop transition from
the in-plane canted spin state to a collinear Néel ordering along
z-axis occurs at % ¼ '=4.

PRL 102, 017205 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

9 JANUARY 2009

017205-3

Na2IrO3, Li2IrO3 

Ir ions form an honeycomb lattice.

Ir - Ir direct exchange: Heisenberg interaction

Ir - O - Ir exchange: Anisotropic Kitaev interaction

J. Chaloupka, et al., PRL 105, 027204 (2010)
G.Jackeli, et al., PRL 102, 017205 (2009)

Depending on the bond direction, only 
specific spin component interact.



ab initio Hamiltonian of Na2IrO3
(Y. Yamaji et al. Phys. Rev. Lett. 113, 107201(2014))
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Honeycomb Lattice Iridates Na2IrO3

under Strong Spin-Orbit Interaction and Electron Correlation
Studied by Ab Initio Scheme

Youhei Yamaji, Yusuke Nomura, Moyuru Kurita, Ryotaro Arita and Masatoshi Imada
Department of Applied Physics, University of Tokyo, Hongo, Bunkyo-ku, Tokyo, 113-8656, Japan.

(Dated: February 6, 2014)

An effective low-energy Hamiltonian of itinerant electrons for iridium oxide Na2IrO3 is derived
by an ab initio downfolding scheme. The model is then reduced to an effective spin model on a
honeycomb lattice by the strong coupling expansion. Here we show that the ab initio model contains
spin-spin anisotropic exchange terms in addition to the extensively studied Kitaev and Heisenberg
exchange interactions, and allows to describe the experimentally observed zigzag magnetic order,
interpreted as the state stabilized by the antiferromagnetic coupling of the ferromagnetic chains.
We clarify possible routes to realize quantum spin liquids from existing Na2IrO3.

Introduction.— Cooperation and competition be-
tween strong electron correlations and spin-orbit cou-
plings have recently attracted much attention. Iridium
oxides offer playgrounds for such an interplay and indeed
exhibit intriguing rich phenomena[1–4].

Especially, a theoretical prediction[1, 2] on the possi-
ble realization of quantum spin liquid state and Majorana
fermion state proven by Kitaev [5] as the ground state of
an exactly solvable model now called Kitaev model has
inspired extensive studies on A2IrO3 (A= Na or Li ) as a
model system to realize the Kitaev spin liquid. However,
although Na2IrO3 is an insulator (presumably Mott in-
sulator) with the optical gap ∼ 0.35 eV[6], it was shown
that Na2IrO3 does not show spin liquid properties exper-
imentally but exhibits a zigzag type magnetic order [7, 8].

The Kitaev-Heisenberg model on the honeycomb
lattice[1, 2, 9–11] was further proposed to describe
Na2IrO3, which includes isotropic superexchange cou-
plings in addition to the Kitaev-type anisotropic nearest-
neighbor Ising interactions whose anisotropy axes depend
on the bond directions. However, it turned out that this
model cannot be straightforwardly consistent with the
zigzag order either. This discrepancy inspired further
studies on suitable low-energy effective hamiltonians for
A2IrO3 with A =Na or Li. First, models with further
neighbor couplings [7, 8, 12, 13] were studied. Addi-
tional Ising anisotropy[14] due to a strong trigonal dis-
tortion, which actually contradicts the distortions in the
experiments [8] and in the ab initio treatments, was also
examined. Quasimolecular orbitals[15], instead of the
atomic orbitals assumed in the Kitaev-Hubbard model
were claimed as a proper choice of the starting point. So
far the origin of the zigzag type antiferromagnetic order
observed for Na2IrO3 and the possible route to realize
the quantum spin liquid are controversial.

In this Letter, we derive an ab initio spin model for
Na2IrO3 and show that trigonal distortions present in
Na2IrO3 in addition to the spin-orbit couplings holds the
key: The simplest and realistic spin model for A2IrO3 will
turn out to modify the Kitaev-Heisenberg hamiltonian by

FIG. 1: (color online): Left panel: Crystal structure of
Na2IrO3. Right panel: Honeycomb lattice with X-, Y -, and
Z-bonds. Same colored bonds indicate the same group. The
x, y, and z axes in defining the t2g-orbitals are illustrated
as directions out of the honeycomb plane. The honeycomb
plane is then perpendicular to (x, y, z) = (1, 1, 1). The dashed
boundary represents a 24-site cluster used later for the exact
diagonalization.

additional anisotropic couplings as

Ĥ =
∑

Γ=X,Y,Z

∑

⟨ℓ,m⟩∈Γ

⃗̂S
T

ℓ JΓ
⃗̂Sm, (1)

where ⃗̂S
T

ℓ = (Ŝx
ℓ , Ŝ

y
ℓ , Ŝ

z
ℓ ) is a vector of SU(2) spin op-

erators. The exchange couplings are given in matrices
JΓ. The summations are over the nearest-neighbor pairs
⟨ℓ,m⟩. The group of bond Γ with Γ=X , Y and Z is de-
fined in Fig. 1. The exchange matrices are parametrized
as

JZ =

⎡

⎣
J I1 I2
I1 J I2
I2 I2 K

⎤

⎦ ,JX =

⎡

⎣
K ′ I ′′2 I ′2
I ′′2 J ′′ I ′1
I ′2 I ′1 J ′

⎤

⎦ ,

JY =

⎡

⎣
J ′′ I ′′2 I ′1
I ′′2 K ′ I ′2
I ′1 I ′2 J ′

⎤

⎦ , (2)

where we choose a real and symmetric parameterization
by using U(1)- and SU(2)-symmetry of electron wave
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under Strong Spin-Orbit Interaction and Electron Correlation
Studied by Ab Initio Scheme

Youhei Yamaji, Yusuke Nomura, Moyuru Kurita, Ryotaro Arita and Masatoshi Imada
Department of Applied Physics, University of Tokyo, Hongo, Bunkyo-ku, Tokyo, 113-8656, Japan.

(Dated: February 6, 2014)

An effective low-energy Hamiltonian of itinerant electrons for iridium oxide Na2IrO3 is derived
by an ab initio downfolding scheme. The model is then reduced to an effective spin model on a
honeycomb lattice by the strong coupling expansion. Here we show that the ab initio model contains
spin-spin anisotropic exchange terms in addition to the extensively studied Kitaev and Heisenberg
exchange interactions, and allows to describe the experimentally observed zigzag magnetic order,
interpreted as the state stabilized by the antiferromagnetic coupling of the ferromagnetic chains.
We clarify possible routes to realize quantum spin liquids from existing Na2IrO3.

Introduction.— Cooperation and competition be-
tween strong electron correlations and spin-orbit cou-
plings have recently attracted much attention. Iridium
oxides offer playgrounds for such an interplay and indeed
exhibit intriguing rich phenomena[1–4].

Especially, a theoretical prediction[1, 2] on the possi-
ble realization of quantum spin liquid state and Majorana
fermion state proven by Kitaev [5] as the ground state of
an exactly solvable model now called Kitaev model has
inspired extensive studies on A2IrO3 (A= Na or Li ) as a
model system to realize the Kitaev spin liquid. However,
although Na2IrO3 is an insulator (presumably Mott in-
sulator) with the optical gap ∼ 0.35 eV[6], it was shown
that Na2IrO3 does not show spin liquid properties exper-
imentally but exhibits a zigzag type magnetic order [7, 8].

The Kitaev-Heisenberg model on the honeycomb
lattice[1, 2, 9–11] was further proposed to describe
Na2IrO3, which includes isotropic superexchange cou-
plings in addition to the Kitaev-type anisotropic nearest-
neighbor Ising interactions whose anisotropy axes depend
on the bond directions. However, it turned out that this
model cannot be straightforwardly consistent with the
zigzag order either. This discrepancy inspired further
studies on suitable low-energy effective hamiltonians for
A2IrO3 with A =Na or Li. First, models with further
neighbor couplings [7, 8, 12, 13] were studied. Addi-
tional Ising anisotropy[14] due to a strong trigonal dis-
tortion, which actually contradicts the distortions in the
experiments [8] and in the ab initio treatments, was also
examined. Quasimolecular orbitals[15], instead of the
atomic orbitals assumed in the Kitaev-Hubbard model
were claimed as a proper choice of the starting point. So
far the origin of the zigzag type antiferromagnetic order
observed for Na2IrO3 and the possible route to realize
the quantum spin liquid are controversial.

In this Letter, we derive an ab initio spin model for
Na2IrO3 and show that trigonal distortions present in
Na2IrO3 in addition to the spin-orbit couplings holds the
key: The simplest and realistic spin model for A2IrO3 will
turn out to modify the Kitaev-Heisenberg hamiltonian by

FIG. 1: (color online): Left panel: Crystal structure of
Na2IrO3. Right panel: Honeycomb lattice with X-, Y -, and
Z-bonds. Same colored bonds indicate the same group. The
x, y, and z axes in defining the t2g-orbitals are illustrated
as directions out of the honeycomb plane. The honeycomb
plane is then perpendicular to (x, y, z) = (1, 1, 1). The dashed
boundary represents a 24-site cluster used later for the exact
diagonalization.

additional anisotropic couplings as

Ĥ =
∑

Γ=X,Y,Z

∑

⟨ℓ,m⟩∈Γ

⃗̂S
T

ℓ JΓ
⃗̂Sm, (1)

where ⃗̂S
T

ℓ = (Ŝx
ℓ , Ŝ

y
ℓ , Ŝ

z
ℓ ) is a vector of SU(2) spin op-

erators. The exchange couplings are given in matrices
JΓ. The summations are over the nearest-neighbor pairs
⟨ℓ,m⟩. The group of bond Γ with Γ=X , Y and Z is de-
fined in Fig. 1. The exchange matrices are parametrized
as

JZ =

⎡

⎣
J I1 I2
I1 J I2
I2 I2 K

⎤

⎦ ,JX =

⎡

⎣
K ′ I ′′2 I ′2
I ′′2 J ′′ I ′1
I ′2 I ′1 J ′

⎤

⎦ ,

JY =

⎡

⎣
J ′′ I ′′2 I ′1
I ′′2 K ′ I ′2
I ′1 I ′2 J ′

⎤

⎦ , (2)

where we choose a real and symmetric parameterization
by using U(1)- and SU(2)-symmetry of electron wave
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Honeycomb Lattice Iridates Na2IrO3

under Strong Spin-Orbit Interaction and Electron Correlation
Studied by Ab Initio Scheme
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Department of Applied Physics, University of Tokyo, Hongo, Bunkyo-ku, Tokyo, 113-8656, Japan.

(Dated: February 6, 2014)

An effective low-energy Hamiltonian of itinerant electrons for iridium oxide Na2IrO3 is derived
by an ab initio downfolding scheme. The model is then reduced to an effective spin model on a
honeycomb lattice by the strong coupling expansion. Here we show that the ab initio model contains
spin-spin anisotropic exchange terms in addition to the extensively studied Kitaev and Heisenberg
exchange interactions, and allows to describe the experimentally observed zigzag magnetic order,
interpreted as the state stabilized by the antiferromagnetic coupling of the ferromagnetic chains.
We clarify possible routes to realize quantum spin liquids from existing Na2IrO3.

Introduction.— Cooperation and competition be-
tween strong electron correlations and spin-orbit cou-
plings have recently attracted much attention. Iridium
oxides offer playgrounds for such an interplay and indeed
exhibit intriguing rich phenomena[1–4].

Especially, a theoretical prediction[1, 2] on the possi-
ble realization of quantum spin liquid state and Majorana
fermion state proven by Kitaev [5] as the ground state of
an exactly solvable model now called Kitaev model has
inspired extensive studies on A2IrO3 (A= Na or Li ) as a
model system to realize the Kitaev spin liquid. However,
although Na2IrO3 is an insulator (presumably Mott in-
sulator) with the optical gap ∼ 0.35 eV[6], it was shown
that Na2IrO3 does not show spin liquid properties exper-
imentally but exhibits a zigzag type magnetic order [7, 8].

The Kitaev-Heisenberg model on the honeycomb
lattice[1, 2, 9–11] was further proposed to describe
Na2IrO3, which includes isotropic superexchange cou-
plings in addition to the Kitaev-type anisotropic nearest-
neighbor Ising interactions whose anisotropy axes depend
on the bond directions. However, it turned out that this
model cannot be straightforwardly consistent with the
zigzag order either. This discrepancy inspired further
studies on suitable low-energy effective hamiltonians for
A2IrO3 with A =Na or Li. First, models with further
neighbor couplings [7, 8, 12, 13] were studied. Addi-
tional Ising anisotropy[14] due to a strong trigonal dis-
tortion, which actually contradicts the distortions in the
experiments [8] and in the ab initio treatments, was also
examined. Quasimolecular orbitals[15], instead of the
atomic orbitals assumed in the Kitaev-Hubbard model
were claimed as a proper choice of the starting point. So
far the origin of the zigzag type antiferromagnetic order
observed for Na2IrO3 and the possible route to realize
the quantum spin liquid are controversial.

In this Letter, we derive an ab initio spin model for
Na2IrO3 and show that trigonal distortions present in
Na2IrO3 in addition to the spin-orbit couplings holds the
key: The simplest and realistic spin model for A2IrO3 will
turn out to modify the Kitaev-Heisenberg hamiltonian by

FIG. 1: (color online): Left panel: Crystal structure of
Na2IrO3. Right panel: Honeycomb lattice with X-, Y -, and
Z-bonds. Same colored bonds indicate the same group. The
x, y, and z axes in defining the t2g-orbitals are illustrated
as directions out of the honeycomb plane. The honeycomb
plane is then perpendicular to (x, y, z) = (1, 1, 1). The dashed
boundary represents a 24-site cluster used later for the exact
diagonalization.

additional anisotropic couplings as

Ĥ =
∑

Γ=X,Y,Z

∑

⟨ℓ,m⟩∈Γ

⃗̂S
T

ℓ JΓ
⃗̂Sm, (1)

where ⃗̂S
T

ℓ = (Ŝx
ℓ , Ŝ

y
ℓ , Ŝ

z
ℓ ) is a vector of SU(2) spin op-

erators. The exchange couplings are given in matrices
JΓ. The summations are over the nearest-neighbor pairs
⟨ℓ,m⟩. The group of bond Γ with Γ=X , Y and Z is de-
fined in Fig. 1. The exchange matrices are parametrized
as

JZ =

⎡

⎣
J I1 I2
I1 J I2
I2 I2 K

⎤

⎦ ,JX =

⎡

⎣
K ′ I ′′2 I ′2
I ′′2 J ′′ I ′1
I ′2 I ′1 J ′

⎤

⎦ ,

JY =

⎡

⎣
J ′′ I ′′2 I ′1
I ′′2 K ′ I ′2
I ′1 I ′2 J ′

⎤

⎦ , (2)

where we choose a real and symmetric parameterization
by using U(1)- and SU(2)-symmetry of electron wave

x-bond

y-bond

z-bond

x
y

z

(1, 1, 1)

Kitaev coupling K and Heisenberg like coupling J 

Off-diagonal couplings I1 and I2
+

ab initio Hamiltonian

It also contains J2 and J3 interaction term.

J2

J3

J2 : only “z-bond” which is perpendicular to NN z-bond.

J3 : all of the three third neighbors

Due to the trigonal distortion, the ab initio Hamiltonian contains strong 
off-diagonal couplings, together with J2 and J3 interaction



Results: comparison with other methods

Energies of iPEPS, DMRG and ED are consistent.

• For 4 × 6 lattice, DMRG and ED  
give almost same energy. 

• Finite D of iPEPS and finite Lx of DMRG  
are overlapped.

• Extrapolations of them are <M> ~ 0.3 
• Spins are almost along (1,1,0) direction,  

which is consistent with the experimental 
 observations.

Zigzag(Z) order parameters are consistent.
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Stability of the Zigzag(Z) state in the thermodynamic 
limit is confirmed by iPEPS calculation.

Order parameterEnergy (per sites) 

T. Okubo et al, PRB 96, 054434 (2017). 



Phase diagram varying the trigonal distortion
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• Energies obtained by iPEPS and DMRG are consistent 
• New phases are stabilized compared with the previous ED reports

DMRG: 6x8 cluster
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J
0

Dimer phase Plaquette phase Néel phase

0 .765(15)0 .675(2)

FIG. 1. (Color online) The phase diagram of the Shastry-
Sutherland model as a function of nearest-neighbor coupling J

(J ′ = 1), obtained with iPEPS. The width of a bond is proportional
to the magnitude of the bond energy, where full (dashed) lines
correspond to negative (positive) energies. The arrows in the right
panel illustrate the Néel order. In between the well-established dimer
and Néel phase we find a phase with plaquette long-range order.

The paper is organized as follows: In Sec. II we provide
a brief introduction to the iPEPS method and explain the
different simulation setups used in this work. In Sec. III
we present our simulation results, first for values of J deep
in the individual phases, followed by a detailed study of
the phase transitions. Finally, in Sec. IV we summarize our
findings. In the Appendix the scheme to treat next-nearest-
neighbor interactions in iPEPS is explained.

II. METHOD

A. Infinite projected entangled-pair states

In this section we provide a short overview of iPEPS. For
a more detailed introduction to iPEPS and tensor networks in
general we refer to Refs. 14 and 25– 27.

The main idea of a tensor network ansatz is to represent
(approximate) the coefficients ci1i2...iN of a wave function,

|!⟩ =
∑

i1i2...iN

ci1i2i3...iN |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |iN ⟩, (2)

by a trace over a product of tensors. Here each index ik
runs over the d local basis states of a lattice site. The most
famous example is matrix product states (MPS) which form
the class of variational states underlying the density-matrix
renormalization group (DMRG) method.15 In an MPS the
coefficients are given by a trace over the product of 3-index
tensors T lr

i (with 2-index tensors at the boundaries), as for
example for a 6-site system

ci1i2i3i4i5i6 ≈
∑

j1j2j3j4j5

A
j1
i1
B

j1j2
i2

C
j2j3
i3

D
j3j4
i4

E
j4j5
i5

F
j5
i6

. (3)

Thus, each coefficient ci1i2i3i4i5i6 is given by a product of
matrices (with vectors at the open boundaries), hence the name
matrix product state. Tensor networks are most conveniently
represented graphically, as shown in Fig. 2(a) for this particular
example. Each tensor is represented by a shape with lines (legs)
attached to it, which correspond to the indices of the tensor.
A connection between two tensors implies a sum over the
corresponding index, and an open leg of a tensor corresponds
to the physical index for the local Hilbert space of a site. Each
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|Ψ
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d
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p
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(b) iPEPS
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i1 i2 i3 i4 i5 i6

ci1i2i3i4i5i6 ≈

Aldru
p

Cj2j3
i3

FIG. 2. (Color online) Graphical representation of an infinite
projected entangled-pair state (iPEPS) made of a 4 × 2 unit cell
of tensors (surrounded by thick dashed lines) which is periodically
repeated. Each sphere corresponds to a rank-5 tensor and the lines
(legs) attached to the sphere represent the indices of the tensor, as
shown on the right-hand side.

auxiliary index jk runs over D elements, which is called the
bond dimension. Thus, D controls the size of the tensors (or
matrices), i.e., the number of variational parameters of the
ansatz.

A projected entangled-pair state (PEPS)13 is a natural
generalization of a matrix product state to two dimensions.
Instead of a three-index tensor, a five-index tensor T ldru

i

is introduced for each lattice site on a two-dimensional
(square) lattice, where each tensor is connected with its four
neighboring tensors via the auxiliary indices l, d, r , u, each
having a bond dimension D. Thus, the number of variational
parameters per tensor is dD4. An infinite PEPS (iPEPS) is an
ansatz for a wave function in the thermodynamic limit.14 It is
made of a unit cell of tensors which is periodically repeated on
the infinite lattice, as depicted in Fig. 2(b). If the wave function
is translational invariant, the same tensor can be used on each
lattice site. If the state breaks translational symmetry, a larger
unit cell may be required.17 In practice, different unit cell sizes
are tested to check, which size leads to the state with lowest
variational energy.

An iPEPS with D = 1 is nothing but a site-vectorized wave
function (a product state), parametrized by vectors Ti on each
site. With increasing D the iPEPS can represent more and more
entangled states, with a scaling of the entanglement with block
size which obeys the area law of the entanglement entropy.25,28

Or in other words, with increasing D the iPEPS can take
into account more of the quantum fluctuations of the true
ground state. These quantum fluctuations may select, e.g., one
of infinitely many degenerate states in the classical D = 1
case. Thus, iPEPS provides a way to systematically study a
state as a function of D, where D controls the amount of
quantum fluctuations (or entanglement) in the system.

In order to obtain an approximate representation of the
ground state for a given Hamiltonian, the tensors need to
be optimized; i.e., the best variational parameters have to be
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S=1/2 Shastry-Sutherland 格子ハイゼンベルグ模型
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(a) Setup O

(c) (d) Setup CSetup D

(b) Setup P

FIG. 3. (Color online) The four different simulation setups used
to simulate the Shastry-Sutherland model with a square lattice iPEPS.
Dark shapes correspond to tensors and dark lines to auxiliary bonds
between tensors (the open, physical index of each tensor is omitted).
Filled circles correspond to physical lattice sites and interactions
between the physical sites are given by thick shaded lines. In the
different simulation setups different sites are blocked together. A
tensor is used for each of these block of sites: (a) setup O, one tensor
per physical lattice site (no blocking); (b) setup P, one tensor per four
sites on a plaquette; (c) setup D, one tensor per orthogonal dimer
(two sites); (d) setup C, one tensor per dimer (two sites), arranged in
columnar order.

D. Technical remarks on the iPEPS simulations

There are different possibilities to choose an initial iPEPS
for the imaginary time evolution. In many cases, an iPEPS
obtained with the simple update provides a good initial state
for simulations with the full update (cf. Ref. 27). Typically, for
small bond dimensions we evolve several random states and
check which one has the lowest variational energy. This state
is then used as an initial state for simulations at larger D. Close
to a phase transition it can be useful in some cases to initialize
the iPEPS with a state deep inside a phase (away from the
phase transition). For example, for the plaquette phase with
setup D, we obtained particularly good results from an initial
iPEPS which was obtained from simulations of the SSM with
a plaquette bias (stronger interactions on plaquettes).

In the imaginary time evolution the energy decreases as a
function of β. In some cases we observed a slight increase of
the energy for large β, probably because the evolution is only
performed in an approximate way. In these cases we take the
state with lowest variational energy, for the β where the energy
is minimal.

Our simulation results are all obtained with a 2 × 2 unit
cell. We tested larger unit cell sizes and did not find signs of
another low-energy state which requires a larger unit cell.

To improve the efficiency of our simulations we used
tensors with Zq symmetry [a subgroup of SU(2)]. The tensors

then acquire a block structure, similarly to a block-diagonal
matrix. Details on the implementation of global Abelian
symmetries can be found in Refs. 34 and 35.

For the corner-transfer matrix scheme we adopted the
method explained in Refs. 17 and 32, but instead of computing
isometries based on a singular value decomposition to absorb
a column (or a row) of tensors into the boundary (see Refs. 17
and 32 for details), we use the projector introduced in Refs. 20
and 36.

III. SIMULATION RESULTS

Our main results are summarized in the phase diagram in
Fig. 1: iPEPS predicts an intermediate plaquette phase between
the dimer phase and the Néel phase in the range 0.675(2) <
J < 0.765(15). In the following we first discuss the properties
of the individual phases, and then provide a detailed study of
the phase transitions.

A. Dimer phase

The dimer phase consists of a product of exact singlets
along the diagonal bonds in the lattice; i.e., for each value
J in the dimer phase the ground state is the same, with an
energy of −3/4 per dimer, or Es = −3/8 per lattice site. With
setup D this state has a trivial representation with iPEPS; i.e.,
it can be represented with D = 1 because the state simply
corresponds to a product state of the dimers. For the other
simulation setups D = 2 is required, because a singlet cannot
be written as a product state of two sites.

B. Néel phase

The Néel phase in the Shastry-Sutherland model is adiabat-
ically connected to the Néel phase of the Heisenberg model,
which corresponds to the limit J → ∞ (or J ′ = 0). In this
limit the model is no longer frustrated and can therefore be
solved by quantum Monte Carlo (QMC). In Fig. 4 we compare
the iPEPS results obtained with the different simulation
setups with state-of-the-art QMC data from Refs. 37 and
38. Figures 4(a) and 4(c) show how the variational energy
gets improved with increasing bond dimension D. Our best
variational energy ED=9

s = −0.66939, obtained with setup D,
agrees up to four digits with the extrapolated value from QMC,
EQMC = −0.669437(5).

In all setups the local magnetic moment m decreases with
increasing D, as shown in Fig. 4(b), and approaches the
QMC value, mQMC = 0.30743(1).38 It is not known how m
depends on the bond dimension D which makes accurate
extrapolations to the infinite D limit difficult. Empirically,
a linear extrapolation for the largest few values of D yields a
reasonable estimate of the value in the infinite D limit, with a
relative error of the order of a few percents. This is of course
much less accurate than QMC; however, we can obtain results
with a similar accuracy also for the cases with finite J ′, where
QMC suffers from the negative sign problem. What really
matters in the present study is that we can clearly distinguish
between a finite and a vanishing order parameter to identify
the different phases, which is clearly feasible with the current
accuracy.
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FIG. 1. (Color online) The phase diagram of the Shastry-
Sutherland model as a function of nearest-neighbor coupling J

(J ′ = 1), obtained with iPEPS. The width of a bond is proportional
to the magnitude of the bond energy, where full (dashed) lines
correspond to negative (positive) energies. The arrows in the right
panel illustrate the Néel order. In between the well-established dimer
and Néel phase we find a phase with plaquette long-range order.

The paper is organized as follows: In Sec. II we provide
a brief introduction to the iPEPS method and explain the
different simulation setups used in this work. In Sec. III
we present our simulation results, first for values of J deep
in the individual phases, followed by a detailed study of
the phase transitions. Finally, in Sec. IV we summarize our
findings. In the Appendix the scheme to treat next-nearest-
neighbor interactions in iPEPS is explained.

II. METHOD

A. Infinite projected entangled-pair states

In this section we provide a short overview of iPEPS. For
a more detailed introduction to iPEPS and tensor networks in
general we refer to Refs. 14 and 25– 27.

The main idea of a tensor network ansatz is to represent
(approximate) the coefficients ci1i2...iN of a wave function,

|!⟩ =
∑

i1i2...iN

ci1i2i3...iN |i1⟩ ⊗ |i2⟩ ⊗ · · · ⊗ |iN ⟩, (2)

by a trace over a product of tensors. Here each index ik
runs over the d local basis states of a lattice site. The most
famous example is matrix product states (MPS) which form
the class of variational states underlying the density-matrix
renormalization group (DMRG) method.15 In an MPS the
coefficients are given by a trace over the product of 3-index
tensors T lr

i (with 2-index tensors at the boundaries), as for
example for a 6-site system

ci1i2i3i4i5i6 ≈
∑

j1j2j3j4j5

A
j1
i1
B

j1j2
i2

C
j2j3
i3

D
j3j4
i4

E
j4j5
i5

F
j5
i6

. (3)

Thus, each coefficient ci1i2i3i4i5i6 is given by a product of
matrices (with vectors at the open boundaries), hence the name
matrix product state. Tensor networks are most conveniently
represented graphically, as shown in Fig. 2(a) for this particular
example. Each tensor is represented by a shape with lines (legs)
attached to it, which correspond to the indices of the tensor.
A connection between two tensors implies a sum over the
corresponding index, and an open leg of a tensor corresponds
to the physical index for the local Hilbert space of a site. Each
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FIG. 2. (Color online) Graphical representation of an infinite
projected entangled-pair state (iPEPS) made of a 4 × 2 unit cell
of tensors (surrounded by thick dashed lines) which is periodically
repeated. Each sphere corresponds to a rank-5 tensor and the lines
(legs) attached to the sphere represent the indices of the tensor, as
shown on the right-hand side.

auxiliary index jk runs over D elements, which is called the
bond dimension. Thus, D controls the size of the tensors (or
matrices), i.e., the number of variational parameters of the
ansatz.

A projected entangled-pair state (PEPS)13 is a natural
generalization of a matrix product state to two dimensions.
Instead of a three-index tensor, a five-index tensor T ldru

i

is introduced for each lattice site on a two-dimensional
(square) lattice, where each tensor is connected with its four
neighboring tensors via the auxiliary indices l, d, r , u, each
having a bond dimension D. Thus, the number of variational
parameters per tensor is dD4. An infinite PEPS (iPEPS) is an
ansatz for a wave function in the thermodynamic limit.14 It is
made of a unit cell of tensors which is periodically repeated on
the infinite lattice, as depicted in Fig. 2(b). If the wave function
is translational invariant, the same tensor can be used on each
lattice site. If the state breaks translational symmetry, a larger
unit cell may be required.17 In practice, different unit cell sizes
are tested to check, which size leads to the state with lowest
variational energy.

An iPEPS with D = 1 is nothing but a site-vectorized wave
function (a product state), parametrized by vectors Ti on each
site. With increasing D the iPEPS can represent more and more
entangled states, with a scaling of the entanglement with block
size which obeys the area law of the entanglement entropy.25,28

Or in other words, with increasing D the iPEPS can take
into account more of the quantum fluctuations of the true
ground state. These quantum fluctuations may select, e.g., one
of infinitely many degenerate states in the classical D = 1
case. Thus, iPEPS provides a way to systematically study a
state as a function of D, where D controls the amount of
quantum fluctuations (or entanglement) in the system.

In order to obtain an approximate representation of the
ground state for a given Hamiltonian, the tensors need to
be optimized; i.e., the best variational parameters have to be
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FIG. 4. (Color online) Benchmark results for the Heisenberg
model (J ′ = 0, J = 1) for the different simulation setups, compared
with state-of-the-art QMC simulations. (a) Variational energy as a
function of the inverse bond dimension. (b) Local ordered moment
m as a function of inverse bond dimension. The linear extrapolations
are a guide to the eye. (c) Deviation of the iPEPS energy from the
QMC result. (c), (d) The difference in bond energies !E vanishes in
the large-D limit for all setups, which shows that lattice symmetries
are unbroken.

Setup P (setup C) is biased towards a plaquette (columnar
dimer) state, and this is why for small D one finds a finite
value of the plaquette (columnar dimer) order parameter as
shown in Fig. 4(d). However, the plaquette (dimer) order is
strongly suppressed with increasing D and vanishes for large
D. Thus, even though individual setups exhibit a bias for small
D, eventually they all become exact in the large-D limit.

For finite J ′ the system is frustrated because the spins on
a diagonal bond would like to be antiparallel to each other
(instead of parallel as in the Néel phase). This competition of
interaction leads to a suppression of the local magnetic moment
m. For example, for J = 1 (Fig. 5) the local moment is reduced
to m = 0.21(1), and it is further suppressed with decreasing J .
The difference in bond energies !E also vanishes in this case
in the large-D limit, indicating the absence of translational
symmetry breaking.

C. Plaquette phase

In Fig. 6 we present simulation results for J = 0.7, where
all setups consistently predict a plaquette phase for large bond
dimension. The lowest variational energy obtained is ED=10

s =
− 0.3881 with setup D.

The difference in bond energies !E in Fig. 6(c) clearly
remains finite in all simulation setups, and we find that the
strong bonds form plaquettes as illustrated in Fig. 1 for large
D. The dependence of !E on D varies from one setup to
another; nevertheless, a rather large value between 0.1 and
0.15 seems to be compatible with all simulation setups.

The local magnetic moment in Fig. 6(b) is finite for small D,
which would suggest coexistence of plaquette and Néel order.
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linear extrapolations are a guide to the eye. (d) Local ordered moment
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However, m is clearly suppressed with increasing D and it is
very likely to vanish in all simulation setups in the large-D
limit, which shows that the SU(2) spin rotation symmetry is
not broken in the plaquette phase, as expected.

Finally, in Fig. 6(d) the plaquette order parameter as a
function of J for different bond dimensions D is shown. Its
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The linear extrapolations are a guide to the eye. (d) Plaquette order
parameter as a function of J in the plaquette phase obtained with
setup D.
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Setup P (setup C) is biased towards a plaquette (columnar
dimer) state, and this is why for small D one finds a finite
value of the plaquette (columnar dimer) order parameter as
shown in Fig. 4(d). However, the plaquette (dimer) order is
strongly suppressed with increasing D and vanishes for large
D. Thus, even though individual setups exhibit a bias for small
D, eventually they all become exact in the large-D limit.

For finite J ′ the system is frustrated because the spins on
a diagonal bond would like to be antiparallel to each other
(instead of parallel as in the Néel phase). This competition of
interaction leads to a suppression of the local magnetic moment
m. For example, for J = 1 (Fig. 5) the local moment is reduced
to m = 0.21(1), and it is further suppressed with decreasing J .
The difference in bond energies !E also vanishes in this case
in the large-D limit, indicating the absence of translational
symmetry breaking.

C. Plaquette phase

In Fig. 6 we present simulation results for J = 0.7, where
all setups consistently predict a plaquette phase for large bond
dimension. The lowest variational energy obtained is ED=10

s =
− 0.3881 with setup D.

The difference in bond energies !E in Fig. 6(c) clearly
remains finite in all simulation setups, and we find that the
strong bonds form plaquettes as illustrated in Fig. 1 for large
D. The dependence of !E on D varies from one setup to
another; nevertheless, a rather large value between 0.1 and
0.15 seems to be compatible with all simulation setups.

The local magnetic moment in Fig. 6(b) is finite for small D,
which would suggest coexistence of plaquette and Néel order.
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However, m is clearly suppressed with increasing D and it is
very likely to vanish in all simulation setups in the large-D
limit, which shows that the SU(2) spin rotation symmetry is
not broken in the plaquette phase, as expected.

Finally, in Fig. 6(d) the plaquette order parameter as a
function of J for different bond dimensions D is shown. Its
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応用例2：Shastry-Sutherland 格子模型の磁化過程

Shastri-Sutherland 格子

H. Kageyama et al, PRL 82, 3168 (1999)
実際の物質に実現例が存在！

直交dimer

SrCu(BO3)2
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H. Kageyama,1,2,* K. Yoshimura,1,3,† R. Stern,3 N.V. Mushnikov,2 K. Onizuka,2 M. Kato,1 K. Kosuge,1
C. P. Slichter,3 T. Goto,2 and Y. Ueda2

1Department of Chemistry, Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan
2Institute for Solid State Physics, University of Tokyo, Roppongi, Minato-ku, Tokyo 106-8666, Japan

3Loomis Laboratory of Physics, University of Illinois at Urbana-Champaign, 1110 West Green Street,
Urbana, Illinois 61801-3080
(Received 5 June 1998)

Magnetic susceptibility, Cu NQR, and high-filed magnetization have been measured in polycrystalline
SrCu2sBO3d2 having a two-dimensional (2D) orthogonal network of Cu dimers. This cuprate provides
a new class of 2D spin-gap system sD ≠ 30 Kd in which the ground state can be solved “exactly.”
Furthermore, in the magnetization, two plateaus corresponding to 1

4
and 1

8
of the full Cu moment were

first observed for 2D quantum spin systems. [S0031-9007(99)08878-X]

PACS numbers: 76.60.–k, 75.40.Cx

Since the so-called pseudo spin gap has been suggested
to have intimate relevance to the appearance of high-Tc

superconductivity, a considerable number of studies have
been made on low-dimensional quantum spin systems
with a spin-singlet ground state over the past decade [1].
Experimentally, however, they are limited to quasi-one-
dimensional (quasi-1D) cases such as SrCu2O3 (S ≠ 1

2
ladder system) [2], Y2BaNiO5 (S ≠ 1 Haldane system)
[3], and CusNO3d22.5H2O (S ≠ 1

2 alternating chain) [4],
except for a quasi-two-dimensional (quasi-2D) system
CaV4O9 [5], for which a model based on the plaquette
singlets is considered to explain the origin of the spin
gap [6]. For this reason, it is important to discover other
examples of 2D spin systems having a finite spin gap to
an excited state.
In this Letter, we investigated a 2D quantum spin sys-

tem SrCu2sBO3d2 by means of magnetic susceptibility,
nuclear quadrupole resonance (NQR), and high-field mag-
netization, and have found that SrCu2sBO3d2 is a new
spin-gap system with an exact ground state. Moreover,
in the magnetization curves at 1.7 and 0.5 K, we have
succeeded in observing 1

4 and
1
8 plateaus of the saturation

magnetization, which is the first observation of the quan-
tized magnetizations in 2D spin systems.
SrCu2sBO3d2 has a tetragonal unit cell with the cell con-

stants of a ≠ 8.995 Å and c ≠ 6.649 Å at room tempera-
tures [7]. All Cu21 ions with a localized spin S ≠ 1

2 are
located at crystallographically equivalent sites. The struc-
ture is characterized by the layers of interconnected rect-
angular planar CuO4 and triangular planar BO3 groups
as shown in Fig. 1(a). These layers extend parallel to
the c axis, and are structurally separated from each other
by planes composed of Sr21 ions. A unique 2D mag-
netic linkage of the Cu21 spins is formed as illustrated in
Fig. 1(b): The first-nearest-neighbor (1 NN) Cu pairs (the
distance of 2.905 Å) share an edge to form dimeric units,
which are connected orthogonally with each other through

B31 ions, providing pathways for weak interdimer inter-
action. Each Cu21 ion has four second-nearest-neighbor
(2NN) Cu21 ions (5.132 Å). In other words, each Cu
dimer is surrounded by six 2NN Cu21 ions.
The SrCu2sBO3d2 sample was prepared by a solid state

reaction method from SrsNO3d2, CuO, and B2O3 with
99.99% purities. Powders were ground, followed by the
heat treatment at 850 ±C for 2 weeks with intermediate
gridings. The powder x-ray diffracting pattern indicated
a single-phase product with no impurity. The magnetic
susceptibility was measured using a superconducting quan-
tum interference device magnetometer in the temperature
T range from 1.7 to 400 K in an applied magnetic field
H of 1.0 T. The Cu NQR spectra were measured with a
homemade phase-incoherent-type spectrometer. The fre-
quency was scanned from 16.0 to 27.0 MHz with ap-
proximate intervals of about 0.1 MHz. The spin-lattice
relaxation rate 1yT1 at 63Cuy65Cu nuclear was measured

FIG. 1. (a) Schematic view of the crystal structure of
SrCu2sBO3d2 along f001g. The closed circles, small open
circles, and large open circles denote, respectively, the Cu21,
B31, and O22 ions. The unit cell is represented by dotted
lines. (b) 2D coordinates of the Cu21 spins. The 1NN and
the 2NN Cu pairs are denoted by the solid and broken lines,
respectively.
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Cu2+

SrCu(BO3)2
・基底状態はDimer 状態
・磁化過程に複数の磁化プラトー

M/MSat = 1/8, 2/15, 1/6, 1/4, 1/3, 1/2

M. Takigawa et al, PRL 110, 067210(2013)

those boron sites whose nearest neighbor Cu carries a large
magnetization. For this range of H int, the low-frequency
satellite spectra do not overlap with the central line (k ¼ 0)
or high-frequency satellite (k ¼ 1), and therefore they
directly give the distribution of H int with typical accuracy
of 2 mT.

The spectrum at 27.9 T (purple) belongs to the 1=8
plateau and exhibits sharp peaks that do not move in the
entire field range of the plateau, features that are character-
istic of a commensurate superstructure. The peak positions
agree with previous reports [8–10]. Among the spectra
displayed in Fig. 1, we clearly identify two other ranges
of field, 28.7–29.2 T (red) and 31.5–32.2 T (blue), in which
the spectra present the same features, suggesting the exis-
tence of two additional plateau phases between the 1=8 and
1=4 plateaus. Outside these field ranges, the peaks are
rather broad and their positions change continuously with
the external field.

The existence of new plateaus is also supported by the
magnetization curve shown in Fig. 2 obtained by torque
measurement using a cantilever technique. The noncopla-
nar structure of the CuBO3 layers allows an intradimer
Dzyaloshinskii-Moriya interaction, which has been shown
to produce a transverse magnetization perpendicular to the
magnetic field [17]. The torque (!) acting on the cantilever
then consists of two terms: ! ¼ aM"Hþ bðM % rÞH,
the first one proportional to the transverse magnetization
and the second one to the longitudinal magnetization [11].
Their relative size depends on the precise location and
orientation of the sample and on the field profile inside

the magnet, which are difficult to know. In the gapped
phase of SrCu2ðBO3Þ2 below 15 T, where the longitudinal
magnetization is strictly zero, !=H shown in the inset of
Fig. 2 varies linearly with H due to the transverse magne-
tization. To eliminate this contribution and isolate that of
the longitudinal magnetization, we took a linear combina-
tion of two measurements of !=H taken at different sample
positions shown in the inset of Fig. 2, choosing their
relative coefficients so that the resulting curve stays zero
below 15 T. The result is shown as a black line in the main
panel of Fig. 2. It agrees very well with the magnetization
determined from the Cu-NMR shift data below 26 T
reported in Ref. [8] (open circles).
The magnetization curve shows a series of plateaus. In

addition to the 1=8 plateau and the approach to the 1=4
plateau just outside the available field range, two other
plateaus can be clearly recognized: one is adjacent to the
1=8 plateau and the other is approximately halfway up to
the 1=4 plateau. These field ranges agree perfectly with
what we proposed from the field variation of the NMR
spectra (the horizontal bars in Fig. 2). The magnetizations
of the first three plateaus scale as 1=8:2=15:1=6, which
is partially consistent with the theoretical predictions
[13–15]. This plateau sequence is not the same as the one
proposed in Ref. [12]. However, the two torque curves
(Fig. 2 of this Letter and Fig. 1A of Ref. [12]) show
anomalies at nearly identical field values, indicating that
the discrepancy is not due to sample problems but due to
differences in data precessing and interpretation (see the
Supplemental Material A [18]). Note that a symmetry-
breaking plateau at 1=9 has already been ruled out by the
previous NMR experiments [8].
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無限系のTPSによる計算

functions for electronic bands, which are well localized if a
band is separated from the others by a large gap, it must be
possible to reconstruct well-localized wave functions from
the lowest pair of bands; the energy of these localized states
will be of the order of the average energy of the bands. It
turns out that the average energy is always below that of
two triplets [44], leading to a binding energy of the same
order as our estimate for small J0=J. So, we conclude that
two triplets indeed bind into aSz ¼ 2 bound state, even in a
confined geometry where the bound state is not allowed to
delocalize.
That the bound state we discuss is related to the bound

state discussed in Ref. [16] is further confirmed by its
structure [44], which goes from two second-neighbor
“dressed” triplets in the small J0=J limit (as for the bound
state of Ref. [16]) to the pinwheel structure of Fig. 1(b) for
larger J0=J, with a central singlet plaquette reminiscent of
the plaquette phase found at zero external magnetic field
[46–49] for 0.675 < J0=J < 0.765 [37]. When J0=J is large
enough, there is actually an intuitive way to understand the
stabilization of the bound state: in a triplet excitation, a high
energy cost has to be paid on the dimer with two parallel
spins [cf. Fig. 1(b)]. The bound state avoids this cost by
distributing the four largest moments around a plaquette in
such a way that they are neither nearest nor next-nearest
neighbors, while part of the energy lost in breaking four
singlets on J bonds is recovered by the formation of a
singlet plaquette on J0 bonds.
Magnetization curve.—Based on the previous findings it

seems natural that different plateau states correspond to
different crystals of bound states. For each plateau with a
magnetization 2=k, k integer, we have tested various
structures (unit cell sizes) to determine the states with
lowest energy. Then we have compared the variational
energy of different plateaus, as a function of the external
magnetic field h, to see which of the plateaus are ener-
getically favored. The energy difference with respect to the
lowest energy state as a function of hfor D ¼ 10 is plotted
in Fig. 4(a), and the resulting magnetization curve in
Fig. 4(b). Sizable magnetization plateaus appear at 1=8,
2=15, 1=6, 1=5, and 1=4, besides the 1=3 and 1=2 plateaus

at larger h[13]. The intermediate crystals 1=7, 2=13, 2=11,
2=9 are all higher in energy. The results are presented for
D ¼ 10. The sequence is the same for other values of D,
but the sizes of the individual plateaus are very sensitive to
small changes in the energy and change with D [44].
Interestingly, the spin structure of the 1=4 plateau [44]

agrees with previous results. In fact, it can be seen either as
a stripe of triplets or as a stripe of bound states with unit cell
vectors v1 ¼ ð0; 4Þ, v2 ¼ ð1;−1Þ. The same is true for the
1=3 plateau (not shown).
Below the 1=8 plateau we find a high density of plateaus

which lie energetically very close, including plateaus at 1=12,
1=11, 1=10, 2=19, 1=9, see Fig. 4 and [44] (the 2=17 plateau
lies slightly higher in energy). At even lower fields we enter
the dilute region of bound states, where they start to
delocalize (and eventually Bose condense). We did not study
this region [marked by a dashed line in Fig. 4(b)] in detail.
Besides the regular crystals of bound states we find

domain-wall (DW) phases (crosses in Fig. 4) between the
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twoSz ¼ 1 triplets as a function of J0=J, for different values ofD.
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FIG. 4 (color online). (a) Comparison of the variational
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波動関数に仮定する周期性を変えることで、 
様々な並進対称性の破れを表現できる

ポイント
iTPSによる磁化過程

h/J

M/MSat = 1/8, 2/15, 1/6, 1/5, 1/4,…
複数の磁化プラトーが実現

実験： 1/8, 2/15, 1/6, 1/4, 1/3, 1/2

実験とよく一致！
＊DM相互作用により 

実験に無い1/5プラトーは消失

h/J0.4 0.5 0.6

cf. MERAの計算：J. Lou et al, arXiv:1212.1999 



応用例3：カゴメ格子ハイゼンベルグ模型

立体構造を含んで大規模に縮退

スピン液体の候補

各三角形で“120 度構造”を満たす任意の状態

• ゼロ磁場での基底状態
古典模型：

S=1/2量子スピン系

ハミルトニアン

量子ゆら
ぎ：

• Z2 spin liquid

• U(1) Dirac spin liquid 

• …

T. Okubo and N. Kawashima, in preparation

カゴメ格子

Taken from http://koharu2009.blogspot.jp/

籠目

＊最近のiTPSによる計算：
H. J. Liao, et al, arXiv:1610.04727
S. Jiang, et al, arXiv:1610.02024

U(1) Dirac spin liquidを示唆



S=1/2模型の磁化過程
・“グランドカノニカル”DMRG

(S.Nishimoto, et al, (2013)DMRG

有限サイズの計算 → 熱力学極限の物理量

(S.Nishimoto, et al, (2013)

５つの磁化プラトーが存在

M/MSat = 0, 1/9, 1/3, 5/9, 7/9

(H. Nakano, and T. Sakai (2012, 2014)（N ≤ 42）

厳密対角化 (H. Nakano, et al, (2014)

3. Results and Discussion

3.1 Case of undistorted kagome lattice
Let us first observe the magnetization process of the

Ns ¼ 42 clusters in the undistorted case. The result is shown
in Fig. 2 together with the magnetization process for the
Ns ¼ 39 cluster, that for the Ns ¼ 36 cluster, and that for the
Ns ¼ 27 cluster. Note here that although the clusters for
Ns ¼ 27, 36, and 39 are rhombic, the Ns ¼ 42 cluster is not
rhombic. Even in such a situation of the anisotropy in a two-
dimensional lattice, it is sufficiently worth examining the
result of a size that has not been reached in previous studies.
In particular, the Ns ¼ 42 cluster suits the investigation of the
behavior at approximately m ¼ 1=3, although it does not suit
the study of the behavior at m ¼ 1=9, 5/9, and 7/9 because
Ns=9 is not an integer. The width of the Ns ¼ 42 step at
m ¼ 1=3, namely, M ¼ 1

3 Ms, seems large. The width at
M ¼ 1

3 Ms " 1 is quite small. On the other hand, the width at
M ¼ 1

3 Ms þ 1 is large even if one compares it with the width
at M ¼ 1

3 Ms. These features are common with the clusters of
Ns ¼ 39, 36, and 27; one finds that the features do not depend
on the system size.

To examine the position of the edges of the state at
m ¼ 1=3 in more detail, we plot its system size dependence
as a function of 1=Ns; the result is shown in Fig. 3. This
figure was originally presented as Fig. 4 in Ref. 9; however,
the plotted data were limited to cases up to Ns ¼ 33. We
additionally plotted the results for larger clusters Ns ¼ 36, 39,
and 42. The new datum of hc" for Ns ¼ 42 is quite close to
the data for a smaller Ns. The situation is the same as that for
hc+. The data for Ns $ 21 seem almost independent of Ns and
seem to converge to different values with each other. In this
sense, our new data for Ns ¼ 42 are not the results which
suggests that the width hc+ " hc" decays and vanishes in
the thermodynamic limit. However, there certainly exists a
discontinuous size dependence between Ns ¼ 18 and 21. The
present new data for Ns ¼ 42 cannot guarantee that a similar
discontinuous behavior never happens for Ns > 42. It may be
premature to conclude from the numerical-diagonalization
data whether the width at m ¼ 1=3 survives or vanishes in the
thermodynamic limit. Another important feature is that, at
least for Ns $ 21, the size dependence of data in the case
when Ns=9 is an integer is in agreement with that in the case
when Ns=9 is not an integer. If the quantum state at m ¼ 1=3
forms a nine-site structure, the state becomes stable from the
viewpoint of its energy. In the case when Ns=9 is not an
integer, on the other hand, the nine-site structure is partly
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Fig. 2. (Color) Magnetization process for the undistorted kagome-lattice
antiferromagnet. The results of finite-size clusters for Ns ¼ 42, 39, 36, and 27
are illustrated by red circles, blue triangles, black squares, and green reversed
triangles, respectively.
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Fig. 3. System size dependence of the position of the edges at the height of
m ¼ 1=3 in the magnetization process for the undistorted kagome-lattice
antiferromagnet.
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Fig. 1. (Color) Finite-size clusters of the kagome-lattice antiferromagnet
with and without the
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distortion. In (a), a cluster with Ns ¼ 42 on

the undistorted kagome lattice is illustrated by the parallelogram of red
broken lines. The
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p
distorted kagome lattice is shown in (b) and

(c) by the green thick lines and black thin lines. The finite-size clusters of
Ns ¼ 36 and Ns ¼ 27 are presented by the rhombus of red broken lines in
(b) and (c), respectively.
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“ramp”

M=Msat ! 0:6 in Fig. 4(b), ! is enhanced irrespective of the
system size except for the case of the green cluster (E) for
N ¼ 36, in which ! cannot be obtained near M=Msat ! 0:6;
the enhancement suggests the existence of some anomaly
around M=Msat ! 0:6. It should be clarified in future studies
whether this anomaly is a jump in the magnetization process
or another.

Finally, let us discuss the relationship between our
observation of the magnetization process of the ideal S¼
1=2 kagome-lattice Heisenberg antiferromagnet and the
magnetization measurement of the actual compounds vol-
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Fig. 5. Schematic shape of the magnetization ramp.
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Fig. 4. Results for the kagome-lattice antiferromagnets. (a) Magnetization
processes shown for the N ¼ 36 cluster (D) and the N ¼ 33 cluster
(C) with circles and squares, respectively. (b) Field-derivative of the
magnetization ! as a function of the magnetization divided by the
saturation. Circles and squares in (b) denote the results of ! correspond-
ing to the cases in (a). Crosses correspond to the N ¼ 36 cluster (E). Note
that part of ! for the N ¼ 36 cluster (E) is missing because ! cannot be
defined when the lowest-energy state in the subspace does not become the
ground state of the system in the magnetic field. Diamonds represent the
case of the N ¼ 30 cluster investigated in ref. 12.

(C) (D) (E)

Fig. 3. Shapes of the finite-size clusters in the kagome lattice. Cluster (C)
is the same as that for N ¼ 33 in ref. 12. Cluster (D) is the new cluster for
N ¼ 36, while cluster (E) is that for N ¼ 36 in ref. 15.
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Fig. 2. Field-derivative of the magnetization ! of the one- and two-
dimensional systems of interacting S¼ 1 dimers, denoted by crosses and
circles, respectively. Insets (a) and (b) show the magnetization process of
the one-dimensional case (A) in Fig. 1 for J2=J1 ¼ 0:15 and that of the
two-dimensional case (B) for J2=J1 ¼ 0:05, respectively. The main panel
shows ! as a function of the magnetization divided by the saturation with
corresponding colors and symbols.

(A) (B)

Fig. 1. Cluster shapes of the (A) one- and (B) two-dimensional systems
of interacting S¼ 1 dimers. Our calculations have been carried out for
N ¼ 20 in both cases. In (B), the tilted square of
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is shown
with dotted lines. The thick green and thin black bonds denote the intra-
and interdimer interactions, respectively.
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・厳密対角化

1/3 プラトー状態はresonate 状態

At these fillings, a finite field range representing the spin gap is
formed, which is the magnetization plateau.

It is known that the magnetization plateau emerges only when
the quantity, Qmag S(1!M/Msat), is an integer26,27, where Qmag is
the number of sites included in the unit period of the ground
state and S is the spin quantum number, which is 1/2 for the
present case.

With this in mind, let us discuss the nature of our plateaus. We
first examine the magnetic structures of M/Msat¼ 0 and 1/9
plateaus, and find that they are possibly structureless in real space
(see Supplementary Note 3). Namely, the period of the ground
state is the same as that of the lattice unit cell, Qmag¼Q¼ 3,
which gives, Qmag S(1!M/Msat)¼ 3/2 and 4/3, respectively. As
they are not integers but fractional numbers, the above
conventional condition to have a plateau is not fulfilled. However,
in two dimensions there is another way to form a spin-gapped
state (plateau) other than the above mentioned interplay with the
lattice; it is to form a structureless spin liquid. The elementary
excitation of such spin liquids by the magnetic field is no longer a
magnon, but a deconfined spinon, carrying spin 1/2. Although
such exotic spin-liquid plateaus could emerge at a fractional value
of Qmag S(1!M/Msat), as discussed in field theoretical study28, it
had been observed neither in theoretical models nor in materials.
In fact, the calculations on the entanglement entropy indicate that
zero-th and the 1/9 plateau form the spin-liquid phases of
topological dimension D¼ 2 and 3, respectively.

In contrast, in the latter three plateaus we find Qmag S(1!M/
Msat)¼ 3, 2 and 1 (integers) for 1/3, 5/9 and 7/9 plateaus,
respectively, all of which clearly fulfill the above conventional
condition. Let us now discuss the origin of these solid
plateaus.

In the 1/3 plateau, each triangular unit should hold a net
magnetization of 1/2, which consists of one up spin 1/2 and two
spins forming a singlet (see Fig. 4a). Similar to the zero-field Ising
ground state, there are massive numbers of configuration of the
1/2-magnetized triangular units29, which is in fact a typical
characteristic of the frustrated system. If these configurations are
mixed-up quantum mechanically, a liquid phase should emerge.
To realize instead the solid state actually observed, one needs to
select a particular configuration, and the problem reduces to how
we pave this triangular unit on the kagome lattice to maximally
gain energy.

In each configuration, one could draw a string along the singlet
bonds of the triangular units as shown in the left panel of Fig. 4a.
As every triangle shares its corners with the neighbouring
triangles, the string never crosses with other strings, but continues
until it meets itself again (otherwise it will extend toward infinity).
In addition to the random configuration of strings, the
representative two regular patterns are shown in Fig. 4a: a long
string forming stripes and a shortest closed loop around the
hexagon. One then needs to know which gains the energy, the
longer string or the shorter loop, towing to the quantum
mechanical resonance of spins along the string. The answer
is the latter (see Supplementary Fig. S3a)—the kagome is fully
tiled with hexagrams—a symmetry-breaking plaquette order is
formed30.

Once all the vertices of the hexagram (three sites/nine unit) are
filled with a fully polarized up-spin moment (Sz¼ 1/2) at
M/Msat¼ 1/3, a further simplified picture may work, focusing
on each hexagonal plaquette and isolating it by effectively
neglecting the quantum fluctuation between the plaquette and the
vertices of the hexagram, as shown in Fig. 4b. This approximation
is valid as far as the vertices of the hexagram are fully polarized.
The interactions (J Sz Sz-term) between the plaquette and vertices
work as an internal magnetic field, Hint¼ ! J per site on a
plaquette. Figure 4c shows the magnetization process of the
isolated plaquette in an effective field, HþHint, namely the
doping of magnons by the effective chemical potential. Each step
of the big staircases corresponds to the increasing Sz-value or the
number of magnons in the isolated plaquette. Now, notice that
the point where the upshift of the staircases crosses the bulk
magnetization curve coincides with the inflection point of the
curve. This indicates the following scenario: if we condense the
massive numbers of hexagrams, the quantum fluctuations
between them become coherent throughout the system and
works to destroy the staircases from the edge toward the centre of
the step. The curve above/below the inflection point is the ruin of
the edge of upper/lower staircase. This result thus supports the
picture that a hexagon works as a self-organized pseudo atomic
orbital consisting of three discrete energy levels. Doping magnons
to each level yields a series of plateaus starting from 1/3.

At present, the only other quantum magnet that possibly
reveals comparably rich phase transitions is the SrCu2(BO3)2
(refs 31,32). However, the spin-gapped phases of this material are
based on a conventional singlet. In forming solids, they expand
the unit cell in several ways to allocate the singlets in a regular
period in a sea of doped magnons. In contrast, in our kagome a
single non-trivial unit based on a hexagram is self-organized by
the quantum many-body effect. The doped magnons come into
this cell in such a way that the electrons go into the quantum dots
in an artificial semiconductor device.

The above picture then gives a strategy to design a system that
could control the degree of frustration by the doping of particles;
First, prepare an unfrustrated unit that could store several numbers
of particles (in a kagome, this corresponds to a hexagon that could
hold three magnons). Then connect them by the frustrated bonds.
For example, this rule gives us a checkerboard lattice and its
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1/2 1/2 1/2

5/9 7/9

bM/Msat = 1/3 5/9
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0 1 2 

Figure 3 | Density plot of the magnetization in the long-range-ordered
plateau states. The diameter of the blue circle on each lattice site scales
the magnetization density. Hexagram consisting of nine sites indicate
the magnetic unit cell, extended from the original one by three times
(Qmag¼9). Hexagons in light yellow colour are the guide to the eye.
(d) Schematic alignment of spins on a hexagram, where the numbers
indicate the magnetic density (Sz) on each vertices and on hexagons.
Numerically, the exact magnetic density of the vertices of hexagram of a
and b are shrunk because of quantum fluctuation by about 2–5% from the
fractional values given in d, which is not the case for the 7/9 plateau in c.
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M/MSat =1/3は“磁化ランプ”

(T. Picot, et al, (2016), T. Okubo et al, (2015年秋物理学会))・テンソルネットワーク
DMRGと同じ位置に４つの磁化プラトー

cf. M/MSat = 0にはギャップがないように見える

M/MSat =1/3は古典的な、up-up-down状態

目的 
1/3プラトー状態を明確にしたい

TN (T. Picot, et al, (2016)



１．テンソルの最適化: 虚時間発展


	打ち切り法: Simple update

手法：PEPS テンソルネットワーク法
18-sites ユニットセルによる波動関数のExtended PEPS (PESS) 表現

D
D

D

D
D

D

D

D

m

m: Sz = ±1/2D:ボンド次元

スピンに依存しないテンソル

スピンに依存するテンソル

Z. Y. Xie et al, PRX 4, 011025(2014))
D. Poilblanc et al, PRB 87, 140407(R) (2012) 

(√3 × √3 構造に整合)

二段階の計算：

２．物理量の計算: 


	 	 近似的な縮約：Corner Transfer Matrix 法

（＋ Suzuki-Trotter 分解）



結果：磁化過程

４つの明確な磁化プラトー
・D=7までで、ほぼ収束

M/MSat=1/9, 1/3, 5/9, 7/9

DMRGとコンシステント
7/9

PEPSによる磁化過程
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1/3

5/9
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・ゼロ磁場近傍にギャップは見えない

DMRGとは異なる



結果：1/3プラトー状態

Hz = 1.1

q=0

√3 × √3

Resonated

• 6サイトの最適化を行うことで、DMRGと同様
の Resonated 状態が準安定状態として出現 

• Resoneted 状態のエネルギーはDの増大で、 
up-up-down状態よりも低くなる

エネルギー
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q = 0
√3 × √3

テンソル最適化

従来：
• 2サイト（T. Okubo et al) 
• 3サイト（T. Picot et al)

の虚時間発展演算子

六角形ループの相関を 
十分に取り込めない？

今回：
6サイトの虚時間発展

:up
:down

円の半径＝

期待値の大きさ

1/3プラトーは 
DMRGと同様のResonated状態

2サイト

3サイト



Comparison with experiments
R. Okuma, D. Nakamura, T.Okubo et al, Nat. Commun. 10, 1229 (2019). 

Quantum many-body systems accommodate various exotic
states and phenomena. One of the most notable examples
is Bose–Einstein condensation (BEC), where a macro-

scopic number of bosonic particles occupy a single particle state
as in a superfluid state of liquid 4He and in cold atomic gases.
With the aid of attractive force, fermions in pairs can also
condensate as in a superconducting state of electrons. In most
antiferromagnetic insulators, the elementary excitation is a
bosonic excitation magnon, and this can form a BEC1–3. Inter-
estingly, interactions between magnons and couplings with the
basal crystalline lattice lead to rich physics in quantum anti-
ferromagnets, thereby distinguishing it from the canonical BEC.

The magnon picture has proven extremely fruitful for several
antiferromagnets composed of spin-1/2 pairs with a spin-singlet
(S= 0) ground-state, and triplet (S= 1) excitations called tri-
plons. The triplons are similar to conventional magnons excited
in an ordered antiferromagnet because both carry the spin
angular momentum of ħ, and thus the two terms are occasionally
used interchangeably2,3. At a critical applied magnetic field, the
energy of one of the Zeeman-split triplet components intersects
the ground-state singlet, thereby resulting in a long-range mag-
netic order. Specifically, the transition corresponds to a BEC of
diluted triplons (magnons), and this is typically observed in
TlCuCl34,5. Above the critical field, the magnetization starts to
increase linearly when the density of magnons increases with
magnetic field. The magnetic field acts as a chemical potential for
magnons, and thus controls the density of the magnons (which is
proportional to the magnetization).

In simple spin systems, the magnetization increases smoothly
with the magnetic field and eventually saturates. However, in
certain quantum magnets, flat regions termed as magnetization
plateaus appear at fractional magnetizations before saturation.
There are two types of magnetization plateaus: a classical one
that is described by a collinear arrangement of classical spins
and a quantum state comprising entangled spins6. Classical
magnetization plateaus are observed in triangular magnets,
such as Cs2CuBr47 and Ba3CoSb2O9

8,9, and the quantum pla-
teaus in dimer magnets such as NH4CuCl310 and
SrCu2(BO3)211.

A transition to a quantum plateau as a function of magnetic
field is considered to be a superfluid-insulator transition of hard-
core bosons (magnons). Interacting magnons in a BEC state tend
to localize due to the suppression of kinetic energy and eventually
crystallize to become “insulating” such as Mott insulators in
strongly correlated electron systems12. The magnon crystal
exhibits a fixed density of magnons, and thus the magnetization
remains at a fractional value of the full magnetization in a field
range6. The fractional value of magnetization is attributed to the
commensurability of the magnon crystal when there is no topo-
logical order. The number of magnons, QmagS(1 – m), in the
magnetic unit cell should be an integer where Qmag, S, m denote
the number of spins in the magnetic unit cell, the spin quantum
number, and the magnetization divided by the saturation mag-
netization, respectively13. In SrCu2(BO3)2, which comprises pairs
of Cu2+ ions arranged orthogonally to each other in the sheet to
form a Shastry–Sutherland lattice11, a series of magnetization
plateaus appear at m= 1/8, 1/4, 1/3 (Qmag= 16, 8, 12)14,15; and
nuclear magnetic resonance measurements directly confirmed
spontaneous translational symmetry breaking in the magnon
crystals16.

In the spin-1/2 kagomé antiferromagnet (KAFM)17–19, the
ground-state is a gapless or gapful spin liquid and the formation
of nontrivial magnons is theoretically expected immediately
below the saturation20. When the magnetic field is set to infini-
tesimally smaller than the saturation field Bs, a magnon with total
Sz= 2 in a hexagonal plaquette is generated in the fully polarized

spin state, which is the vacuum of magnons as schematically
depicted in Fig. 1. Each spin inside the hexagonal plaquette
equally carries fractional magnetization, and thus, the ‘hexagonal
magnon’’ corresponds to a highly quantum mechanical entity.
Given the absence of energy cost for magnon generation, the
density rapidly increases to 1/9 before the magnons overlap with
each other to feel mutual repulsion. This results in an decrease in
the magnetization from 1 to 7/9 at Bs20. Subsequently, a crys-
talline phase with a superstructure of the
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unit cell with

Qmag= 9 is formed in a range of fields, thereby yielding a 7/9
magnetization plateau. A large magnon is emergently generated
on a hexagon of the kagomé lattice in the KAFM, which is sig-
nificantly different from dimer magnets with singlet and triplet
states that naturally occur on built-in pairs of Cu ions.

Here, we report the observation of a series of fractional mag-
netization plateaus in the kagomé antiferromagnet Cd-kapellasite
(CdK) and demonstrate the presence of emergent hexagonal
magnons in the kagomé lattice. Some of the observed magneti-
zation plateaus are reproduced by theoretical calculations for the
simple KAFM model, while the others may be stabilized by lattice
commensurability, additional long-range interactions, and
potentially coupling to lattice.

Results
Theoretical predictions for multiple plateaus. Recent calcula-
tions by the density-matrix-renormalization-group method, the
exact diagonalization, and the tensor network method show that
in addition to the well-established 7/9 plateau, three plateaus
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Fig. 1 Calculated magnetization process for the spin-1/2 KAFM with the
nearest-neighbor interaction J. The tensor network method with the
projected entangled pair state (PEPS) is used. The vertical and horizontal
axes represent magnetizationM divided by saturated magnetizationMs and
magnetic field B divided by J, respectively. The top left inset shows a
schematic drawing of hexagonal magnons that are depicted by doughnuts
containing six entangled spins. The other intervening spins point upward in
the direction of magnetic field. The magnon crystal forms a superlattice
with a√3 ×√3 unit cell. The bottom right inset shows hexagonal magnons
expected to appear at the 1/3, 5/9, and 7/9 plateaus. In the upper part, the
magnons are defined by the total spin Sz= 0, 1, and 2 for the six spins on
the hexagon, respectively, while in the lower part based on the magnon
picture, the number of magnons correspond to 3 (hexagon+ double circle),
2 (single circle), and 1 (only hexagon), respectively. Using the bracket
notation, the one-magnon state with Sz= 2 is expressed as
P6

i¼1 "1ð ÞiS"i j0>, where the sum is obtained inside the hexagon, and j0>
denotes the saturated state
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facile magnetization measurements. On the other hand, a state-
of-the-art measurement using a Faraday rotation technique made
it possible to record the complete magnetization process of
CdCr2O4 up to 140 T, and this revealed a spin-nematic phase just
below the saturation field29. In order to unveil the physics of the
KAFM, both a suitable model compound with a relatively low-
saturation field around 100 T and an improvement in the Faraday
rotation technique are necessary. It is noted that the required low-
temperature condition, T« J/kB, is difficult to achieve for a
compound with small J and Bs values.

Kagomé antiferromagnet CdK. To study the magnetism of S=
1/2 KAFM under magnetic fields, we selected Cd-kapellasite
(CdK), CdCu3(OH)6(NO3)2·H2O30, which is isostructural to
kapellasite, ZnCu3(OH)6Cl231. The compound has a quasi-two-
dimensional structure with an undistorted kagomé lattice of Cu2+
ions and a moderate antiferromagnetic interaction of J ~ 45 K
(Bs ~ 100 T) (Fig. 2a)32. The ground-state of CdK is not a spin
liquid but a long-range order (LRO) with a q= 0 structure
(a negative vector chirality order) below TN ~ 4 K, which must be
induced by a Dzyaloshinskii–Moriya (DM) interaction with a
magnitude of approximately 10% of J. Other possible perturba-
tions are the next-nearest-neighbor interaction J2 and diagonal
interaction Jd bridged via the Cd ion in the center of the hexagon
as shown in Fig. 2b, which was observed as a low value (Sup-
plementary Fig. 2).

Faraday rotation measurements up to 160 T. We measured
small magnetization from a tiny hexagonal single crystal of CdK
with a diameter of approximately 1 mm and a thickness of
150 µm (Fig. 3a) by a Faraday rotation technique optimized to a
single-turn coil in magnetic fields of up to 160 T. The

experimental set-up and results are shown in Fig. 3b. The
polarization angle of an incident light with λ= 532 nm (Supple-
mentary Fig. 3) was rotated with a varying magnetic field in
several microseconds via the Faraday effect from induced mag-
netization in the sample (Fig. 3c). Figure 3d shows magnetiza-
tions converted from the data in descending pulsed magnetic
fields (Supplementary Fig. 4). The magnetization curve measured
at 8 K smoothly increased and saturated at approximately 150 T.
At 6 K, a faint wiggling was observed, which seemed to produce
many anomalies at 5 K.

Figure 4a shows the magnetization process at 5 K and its field
derivative, which is compared with the calculated magnetization
process in the presence of DM interaction. Below 0.4 µB, the
experimental magnetization is in good agreement with the
calculation and deviates above that. At least seven anomalies
are observed at magnetizations exceeding 0.4 µB. Above Bs=
160 T, M reaches 1.15 µB/Cu, and this was nearly equal to the
saturation magnetization with fully polarized spins: gSµB with
gc ~ 2.3 from magnetic susceptibility (Supplementary Fig. 2).

Magnetization plateaus. We consider the anomalies as a series of
blunt plateaus that were blurred or inclined due to the finite
temperature effect or anisotropy such as DM interaction. In
conventional ordered antiferromagnets a metamagnetic transition
or a spin-flop transition can occur in a magnetic field. However,
weak anisotropy in Cu2+ spin systems makes it difficult for such
transitions to occur. We consider blunting by temperature and
define a critical field Bk and a magnetization Mk for each plateau
at which the differential magnetization takes a local minimum;
the Bk should correspond to the center of the field range for
the plateau. The obtained values of [Bk (T), Mk (µB/Cu), mk]
(mk=Mk/1.15) are (47.6, 0.42, 0.37), (72.6, 0.59, 0.51), (95.3,
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Fig. 4 Appearance of multiple magnetization plateaus in CdK. a Field dependences of magnetization and its derivative at 5 K and B // c. The purple and
yellow-green lines represent magnetizations measured by the Faraday rotation and induction method, respectively, and blue-green and black points denote
the field derivative of the former and latter curve, respectively. The magnitudes of B and M at seven local minima in the field derivative curve are termed
as Bk and Mk as shown by the broken lines, which can correspond to a series of magnetization plateaus. The saturation field Bs= 160 T is determined at
which M reaches the full magnetization Ms= 1.15 µB. The green line shows the M calculated by PEPS for an S= 1/2 KAFM model with J= 45 K and the z
component of DM interaction of 0.1 J. b Comparison between experimentally observed plateau magnetizations mk=Mk/Ms and fractional magnetizations
expected from the series of magnon crystals with Qmag= 9, 12, 21, 36 unit cells as shown in Fig. 5. The fractions in the red bold letter are close to one of the
mk values while the fractions in regular blue font cannot be observed with the exception of 30/36 that is assigned to 10/12
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Real compounds often contain Dzyaloshinskii-Moriya Interaction: 

<latexit sha1_base64="iQ1jxaN4Vy+KjGtbqpV/X/jYGx4="></latexit>



最後に
• テンソルネットワーク表現を用いると、効率的に情報を圧縮できる場合がある 

• 分配関数のテンソルネットワーク表示は、テンソルネットワーク繰り込みを用いた実空間
繰り込み群により精度よく計算できる。 

• 基本となる情報圧縮手段は、特異値分解（SVD）による低ランク近似 

• 適切なテンソルネットワークにより（基底状態の）波動関数を非常に効率的に表現できる 

• 適切なネットワークを探すには、エンタングルメントエントロピーの面積則が大事 

• １次元量子系では、行列積状態（MPS）が非常に成功している 

• ２次元以上の量子系では、MPSは大きな系を効率的に近似できないが、テンソル積状
態（TPS）ではうまくいく 

• テンソルネットワーク表現のアイデアは、物理に限らず、様々な分野へ応用可能 

• MPS、MERAなどの（量子）機械学習への適用 

• 量子回路デザインへの応用



今回紹介しなかったけど重要な話題
• 基底状態に限らず、有限温度の計算手法の開発も進んできている 

• 密度行列のテンソルネットワーク表現 

• Fermion系にも適用可能で、Hubbard模型の計算では最先端に匹敵
する精度を出しつつある 

• （注）金属状態ではエンタングルメントエントロピーの面積則
が破れる 

• 対称性を持つテンソルを用いた、波動関数トポロジーの特徴付け

(P. Corboz et al, Phys. Rev. B. 81, 165104 (2010))

(P. Corboz, Phys. Rev. B. 93, 045116 (2016))

(J.-W. Mei et al, Phys. Rev. B. 95, 235107 (2017))

(S. Jiang and Y. Ran, Phys. Rev. B. 92, 104414 (2015))

P. Czarnik et al., Phys. Rev. B 99, 035115 (2019). 
A. Kshetrimayum et al, Phys. Rev. Lett. 122 070502 (2019). 



Report problem

• 講義の感想と講義を通して理解できたことの概要（まとめ） 

• 自身の研究分野（もしくは興味のある分野）でテンソルネッ
トワーク（または情報圧縮）が役に立ちそうかどうかの検討

以下の二点を含めて、A4で1枚くらい（多くても可） 
のレポートを提出してください

提出先：大久保へメールで提出（11/21〆切）

t-okubo@phys.s.u-tokyo.ac.jp

（pdf、wordなど。手書きの場合は写真でも可）

mailto:t-okubo@phys.s.u-tokyo.ac.jp


モンテカルロ法



乱拓アルゴリズム

乱拓アルゴリズム：（擬似）乱数を実行中に参照し 
その値によって振る舞いを変える

例：モンテカルロ積分
円の面積

統計誤差は

<latexit sha1_base64="BMLUQznYw3ggsXzWbHMplGpCwIU="></latexit>

に比例

<latexit sha1_base64="GuxcTj8AWvrg/TGIdygN+sOVmu4="></latexit>

一様乱数から 
とってくる

if

アルゴリズム
初期化

loop i 

then
end loop

<latexit sha1_base64="h2Dw3uDZhFjiJh4vRCkP2bSyOBY="></latexit>

<latexit sha1_base64="fuAVTOAuzdAnwdT9v2rsCn08IhM="></latexit>

<latexit sha1_base64="ovmyaQJWslvCv+/iIDXZ28P1UvY="></latexit>



次元の呪い
このやり方（棄却法）は高次元積分に無力

n次元立方体（1辺の長さ2）に対する、d次元球の体積の割合

dが大きくなると指数的に球の体積の割合が減る

球に“ヒット”する確率が減り、 
誤差が指数的に増大してしまう

（誤差を一定に保つには、サンプリング数Nを 
指数的に大きくする必要がある）

Γ関数の漸近形

<latexit sha1_base64="/SIYBXxKdXMnOfwVjoPm1jFp7pg="></latexit>



Importance Sampling

• 積分に寄与する部分を重点的にサンプリングする
スピン模型の例：

ボルツマン重み
が大きいところを重点的にサンプリングする

ランダムに発生した 
部分空間での和

規格化定数（分配関数）が未知なので、 
「マルコフ連鎖モンテカルロ法」で 
重点的サンプリングを実現する。



マルコフ連鎖モンテカルロ法
ボルツマン分布を確率過程の定常分布として生成したい。

：状態Γ が Γ’ に変わる確率

この確率過程が時間無限大で、ある確率分布

この確率過程で現れる点の集合はボルツマン分布になっている

<latexit sha1_base64="eMb5jI4SFiLd5/I6KcsA2DqhYmY="></latexit> <latexit sha1_base64="P/6Pwfgg3Mr1znIMRR9DIXPJj54="></latexit>

このとき、時刻tの確率分布 は、マスター方程式

を満たす（確率の保存則）。 ＊マルコフ＝右辺がひとつ前の時刻t 
の情報だけ

<latexit sha1_base64="N8TRel/SNPUg+u3ypY8YP7jse/I="></latexit>

に収束

<latexit sha1_base64="N8TRel/SNPUg+u3ypY8YP7jse/I="></latexit>

：今の場合、ボルツマン分布

状態Γ を"ランダムに" Γ’ に変えていく



マルコフ連鎖モンテカルロ法の収束条件
P(Γ)に収束するための十分条件

1. “エルゴード性” 
• 任意の二つの状態 Γ とΓ’ が有限の回数でつながる。 

• W を行列としてみると、この条件は 

2. “釣り合い条件” 
• 確率の流れが、P(Γ)に対して釣り合う 

特別な場合: 詳細釣り合い条件

<latexit sha1_base64="V6EAz098ok9DaMPWp1dwC348Clg="></latexit>



イジング模型への適用：メトロポリス法

Local update:
スピンの一部（典型的には１つのスピン） 
の状態を変えるマルコフ連鎖モンテカルロ法

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19

21 22 23 24 25

20Γ から Γ’への変更で S1, S2, .. S12, S14, S15, … ,S25, 
を固定して、 S13だけを変更する。

このような local update では,  
条件を満たす遷移確率 Wを 
比較的簡単に見つけられる。



メトロポリス法：イジングスピン

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19

21 22 23 24 25

20

• ひとつスピンを選んで（13番）スピンを反転する

<latexit sha1_base64="Jqm5Ny7B+h5KkWH6LTbhMFuPOE4="></latexit>

この時、詳細釣り合い条件

を満たすWは

<latexit sha1_base64="3gvtvI87Z1fzTi46Ii+j+dEVhlk="></latexit>

を満たす。したがって、例えば

<latexit sha1_base64="ppBtkctTB7cg3E2wLF74oXJN5/g="></latexit>

<latexit sha1_base64="mLisxoTr4DHt+cNNYw+AbVuPxAc="></latexit>

とすれば良い。



メトロポリス法の流れ

loop t
Step 0: 初期状態を準備する

1. Siから候補、Γ’を作る 
• イジング模型 : Si’ = -Si   

2. エネルギー差を計算  
3. 乱数を生成

4. r の値に応じて、次の状態 Γt+1を

典型的には 
• random state (T→∞)  
• ordered state (T→0)i 番目のスピンを選ぶ

5. 物理量 O(Γt)を計算する

エネルギーが減る場合ΔE < 0),  
新しい状態は確率1で採択.

通常、物理量はNスピンの試行が 
終わる毎に計算することが多い。 
"1 モンテカルロステップ"  
= N スピンの反転の試行

で決める

<latexit sha1_base64="ES1Vzov84ZRnD0sLmkpYgZ5RlU8="></latexit>



角転送行列繰り込み群（CTMRG）

• 奥西・西野ら (1995)による逐次的な“繰り込み”によるテンソ
ルネットワークの計算方法 

• Corner Transfer Matrix Renormalization Group（CTMRG） 

• 分配関数のテンソルネットワーク表現をL→L+2のように数
サイトずつ大きくしていくことで、徐々に計算する 

• 近年、２次元量子多体系の基底状態計算アルゴリズム
（PEPS法、TPS法）の一部にも使われる



CTMRGでやりたいこと

系を少し大きくする

L×Lの分配関数が 
（近似的に）計算できた

(L+2)×(L+2)の分配関数を計算

角転送行列表現

: D×D : D×D
Cの大きさを変えずに 
系を大きくする

C C

C C 系を少し大きくする

C C

C C

e

e

e
e
e

ee

e （近似）



角転送行列の意味

C

角転送行列表現

C

C C 系を少し大きくする

C C

C C

e

e

e

e
e

ee

e （近似）

C =
4×4

=

（近似なし）

C e

e
=

e =

6×6



CTMRGのレシピ

C C

C C

e

e

e

e
e

ee

e

1. SVDによる分解

C e

e

行列と思ってSVD

M =

=

＊対称性を仮定

Mは実対称（エルミート）行列

=

特異値が大きいものD個 
を残せば良い近似！

M : 2D×2D



CTMRGのレシピ

C C

C C

e

e

e

e
e

ee

e

2. SVDを使って近似

C e

e

= ≃
近似

 : D×D

 : 2D×D

=

対角成分が
の対角行列



CTMRGのレシピ
くりこみ変換まとめ

C e

e=

e
=

3. (L+2)×(L+2)の角転送行列を作成

C e

e
=

1. LxL の系の角転送行列をSVD

2. Projectorを作る
特異値が大きい方から

D個だけ残す

大きさLの系の分配関数が逐次求まる


