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Huge data in physics
(> FAORBDTIADLDADINILOK!)




Huge data In physics

Many-body problems in physics

+ Celestial movement (X#4:EEh)
- Gases, Liquids

- Molecules, Polymers (eg. Proteins), ...
- Electrons in molecules and solids

+ Elemental particles (Quantum Chromo Dynamics)
(EFEHZF)

In these problems, "systems” contain huge degrees of freedoms:

oN-dimensional phase space for classical mechanics

O(eM)-dimensional Hilbert space for guantum system



Complex particle system

Eg. Poliovirus capsid in electrolyte solution
(RIADLILR HTIYR) (BEREAER)
Y. Ando et al, J. Chem. Phys. 141, 165101(2014).
Long-range coulomb interaction

(7—BVHEER)

Dynamics of water molecules

Poliovirus capsid

1000
o
— .—"'."
= 500 a
-
A P
.- B 8+2ns

. O
i o
o 10f ?
@ 10¢
R - ja e S SR
= 9 @
- 3
<

e fo0 120 1&0. T 160 180 200
6.5 million atoms time (ns)



Localized electrons as quantum spin systems

—g. Antiferromagnetic Mott insulator NagzlrOs

(R iafkiE) (B v MERAF)
Y. Singh and P. Gegenwart, Physical Review B 82, 064412 (2010)
H="> Ji;S:S; Si: spin operator

2,]

(b)



Why we need information compression®?

1. We can not understand huge information directly.

We try to characterize "systems” thorough
a few parameters.

Examples:

Thermodynamics:
Systems are characterized by thermodynamic quantities,
Internal energy, Entropy, Pressure, Volume, Particle numbet,...

Critical phenomena:

Critical systems are characterized by a few critical exponents.
(ERSHEE0




Why we need information compression®?

2. We can not treat entire data in the present computers.

Available memories in the present computers:
Double precision real number

= 8 Bite
Personal computers: ~10 GB ~109

Super computers: ~100 GB / node ~1010

K@RIKEN,
Oakforest-PACS@UTokyo ~1 PB ~1014
and Tsukuba Univ

’ (whole system)

Sekirei@ISSP, UTokyo

Notice: In guantum system, the size of Hilbert space is O(eV)



Why we need information compression®?

2. We can not treat entire data in the present computers.

» Try to reduce the "effective” dimension of
(Hilbert) space.

By taking proper basis set,
we can represent a quantum state efficiently.

Krylov sulbspace
Matrix product state
- lensor network states



—xamples of information compression 1

Krylov subspace
linear subspace generated by a square matrix (M) and a vector (v) as

Kn(M,¥) = span {7, M0, M?v,..., M" "¢}

For quantum many body problems:
M =%H :Hamiltonian
v=|¢) :wavevector

Solve the eigenvalue problem within
» a restricted space (Krylov subspace)

Lanczos method, Arnoldi method

* In these method, we do not necessarily need explicit matrix.
It is enough to know the result of matrix vector multiplication.



—xamples of information compression 2

Compression of an image
Compressed

image = matrix

Original

X = (068

# of "singular values”



—xamples of information compression 2

Compression of a color image About 10%

compressed

image = tensor

Original




—xamples of information compression 3

Wave function: [0) = > Ty imy Ima, ma, -+ my)
(RENBIE) tmi=1l}

or

{mi — O, 1}
T N-rank tensor m
MLIM2,T TN (or Vector)

my M2 M3 M4 ms

# of Elements=2N

v

Approximation as

a product of "matrices”

Matrix Product States ({T5Ii&IREE)

(Tensor train decomposition)

Tml,mg,---,mN = Al[ml]AZ[mQ] AN[mN]

A|lm] : Matrix for state m



Singular value decomposition (iFR{EH i)

Singular value decomposition (SVD): . '
ingular valu position (SVD) U, VT . (half) unitary
For a K x L matrix M, A Diagonal

M =UAVT (00
0o

Mi; = UimAmV,, .

Singular values: )\m > 0
> UimUl, =07
Singular vectors: : ; .
S ViV =65,

By taking only several larger singular values,
we can approximate M as a lower rank matrix.



—xamples of information compression 3

Wave function: [0) = > Ty imy Ima, ma, -+ my)
(RENBIE) tmi=1l}

or

{mi — O, 1}
T N-rank tensor m
MLIM2,T TN (or Vector)

my M2 M3 M4 ms

# of Elements=2N

v

Approximation as

a product of "matrices”

Matrix Product States ({T5Ii&IREE)

(Tensor train decomposition)

Tml,mg,---,mN = Al[ml]AZ[mQ] AN[mN]

A|lm] : Matrix for state m



—xample of MPS: AKLT state

S=1 Affleck-Kennedy-Lieb-Tasaki (AKLT) Hamiltonian:
T

H = JZS i+ Z(S 5) W
<%J

(J > 0)

The ground state of AKLT model: S=1 spin: Q
‘@_@_@_@_@_@7 S=1/2 spin
¥=2 IMPS: (U. Schollwock, Annals. of Physics 326, 96 (2011)) Spin singlet
T[S, = 1] = %(0 1) *—o
3\0 O
T[Sz:O]:\/g<—01 (1)) ,)\:% (é (1)>
ris. == 5 (4 §)



Application of MPS to data science

Tensor train (TT) and tensor ring (TR) decompositions for real data.

A A ¢ R A A ¢

COIL-100 dataset =32 x 32 x 3 x 7200 tensor » Compression by tensor ring decomposition.
(Q. Zhao, et al arXiv:1606.05535)

error Rank

_ Acc. (%) Acc. (%)

€ Tmazx r (p — 50%) (p = ]_O%)

' 030 17 17 97.56 83.38
. CP-ALS 5 5 5 90.40 77.70
| - -
& - 0.47 2 2 45.05 39.10
' 019 67 473 99.05 89.11
— 028 23 163 98.99 88.45
- TT-SVD  0.37 8 6.3 96.29 86.02
0.46 3 2.7 47.78 44.00
019 23 120 99.14 89.29
028 10 6.0 99.19 89.89
TR-SVD  0.36 5 3.5 98.51 88.10
0.43 3 2.3 83.43 73.20




—xamples of tensor decompositions

4 N
MPS: ¢9-999 Good for 1d gapped systems
(1d correlation in data)
- /
4 N

PEPS, TPS: Eﬁ

For higher dimensional systems

—xtension of MPS
(higher correlation in data)

\_
/
MERA: & Scale invariant systems
(RT—=ILARE)
\_

/
~

/




Real space renormalization (ZEZEfEigE D A M)

Corse graining of a tensor network representing a scaler.
"Contraction" to

»g};%%"
(-

4+ >N/ T X

by SVD



Ising model in infinite size

H=—J) 55,
(i.4)

—xample of calculation

Partition function = tensor network

Z.Y. Xie et al, Phys. Rev. B 86, 045139 (2012)

Error of free energy for 2D Ising model Energy and specific heat of 3D Ising model
'0.5 T T T T T T

23

o 2 10 -

S &5 S

! 2 T

3= Mo 15 3=

5 5! 2}

—

5 S 2.0

(D)

2

b

!

m

S S S— 3.5 4.0 4.5 5.0 5.5
2.1 2.2 2.3 2.4 2.5
Temperature

Temperature

2
1./J = ~ 2.269
/ In (1 + v/2)
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Zxamples of many body problems:
BFACVRE EHETAF
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Mot
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Quantum spin systems
(TYVILERY KT = FEDEERTR)




Quantum systems

Quantum system: governed by Schrodinger equation

.0

H :Hamiltonian

Inner product:

W) :Wave function (state vector) (a), b)) = (bla)

CRENEEE or IRRENRT ML)

Nature: Elementary particles, e.qg. electrons, obey quantum mechanics.

R=ALF

HIW) = E|W)

Energy

» Static problems: Time-independent Schrodinger equation

= Eigenvalue problem



Quantum systems

Example of qguantum system: Array of quantum bits

1 bit @® A guantum bit is represented by two basis vectors.

‘O>7‘1> or (‘T>7’\L>)

2 bits @—@ The Hilbert space is spanned by four basis vectors.
EILANIL MZE-

0) ®10),10) @ [1), 1) @ [0), [1) @ [1)
Simple notation: |00), [01),|10), [11)

mp V)= > Coplab)

a,$=0,1 Ce. 5 -cOMplex number

The Hamiltonian for 2 bits system can be represented in these bases.
/Ho,o;o,o Hoo0.01 Hoo:1,0 Ho,o;1,1\

Hoi1.00 Ho1.01 Hoi1i1o0 Hoia
H —
Hi000 Hio001 Hio10 Hio11

\H1,1;0,0 Hi1.01 Hiia,0 H1,1;1,1)
Matrix element: Ha .03 = (aS|H|a'5")




Quantum systems

Example of qguantum system: Array of quantum bits

o O O O ©o
N | | L
N bits: Dimension of the Hilbert space = 2 i il
» Hamiltonian is 2V x 2V matrix G G G A ¢
® O O O ©o
® O O O O

Need to solve eigenvalue problem of huge matrix!

In physics,

- We often interested in the "ground state" (smallest eigenvalue)
BEEINE
* We can concentrate to a special state.

- Typical system only has "short range" interactions

®p Hamiltonian matrix becomes sparse.



(Quantum) spin system

Spin systems:
Spin degree of freedoms defined on a lattice and interact each other

: Chain
Lattice

1D ® o 0 0 0 0 0 0 0o
Square lattice Kagame lattice
N
oo o 0o

2D oo o 0o
oo o 0o
oo o 0o

3D simple cubic, FCC lattice, BCC lattice, ...



Quantum spin

Spin operator: (S,,S,,S.)

Commutation relation

(SHBIR)
S, S,] = ihS.,[S,, S.] = ihS,, [S., S,] = ihS,

A,B| = AB — BA

Spin quantum number operator:

(REVEFH)
S =S5.+S5, +5;
Simultaneous eigenstate of Sz and S2: |55, S) Quantized spin number
S2|S,,S) = h2S(S + 1)|S., S) S= 2152

=

S.1S:,S) =hS,|S:,S) S. =-S5 -S+1.....S—-1.5

(Hereafter, we set h = 1)



Quantum spin: S=1/2

DO | —

Matrix representation of the spin operators: S =
1 /0 1 1 /0 —2 1 /1 O
Sx_§<1 0>’Sy_§<z' 0>’SZ_§<0 —1)

| | | 1 0
We can consider S=1/2 spin as a quantum bit : \0> — , !1> —

Spins on a chain:

o 0 0 0 0 0 0 0 0 ¢
1 2

3 L-1 L
"Transverse field Ising model" (#&#&I%1 Y'Y J1EE) [ =2
L—1 L /_1/4 -I'/2 -I'/2 0
H=— Z Si,zsi—l—l,z — I Z Sz',w 2 — —F/2 1/4 0 _F/Q
i=1 i=1 | -I/2 0 1/4 —-I'/2

\ 0 -T/2 -TI'/2 -1/4)




O 0 0 0 0 0 0 0 0 ¢
1 2 3 L-1 L

Quantum spin: S=1/2

"Transverse field Ising model"

L—1 L
H=— Z Siz9i4+1,2 — I Z Si,z
i=1 i=1

Non-zero elements in the Hamiltonian
(Figure from Yamaji-sensei)
0 512 1024 1536 2048 2560 3072 3584 4096

L =12

512
Total matrix elements=22L

$

# of non-zero elements ~ O(LeL )

1024

1536

2048

2560

3072

Sparse!

3584

4096




Classical problems
Two types of classical many-body problems

1. Approximation of guantum problems

Nature: Elementary particles obey quantum mechanics.
0
th— W) = H|W¥
o |0 = H|W)
» Classical mechanics is an approximation

2. Pure classical problems

Classical problems not necessary based on guantum mechanics

- Percolation, covering, packing, ...
- Stochastic process, “dynamical” system, ..
- Critical phenomena



Classical problems as an approximation: magnetism

Electron Spin: “Quantum” degree of freedom

For accurate treatment, the spin quantum number S is important
S=1/2,1,3/2, ...

» However, we can approximate the system by taking
the limit of S— e .
“classical” spin model

- Classical Heisenberg model
- Anisotropy: Ising model, XY model



Classical spin degree of freedom

1. S — oo limit of quantum spin

Classical spin: 2. simple degree of freedom reflecting symmetry

1. Heisenberg spin  S; = (S7, 57, 57)

Three component unit vector: (S7)? + (SY)* + (S7)? =1

A lot of magnetism can be understand through classical Heisenlberg spin

2.1singspin g, = +1 =1,

- Strong easy axis anisotropy

- Representing underlying Z> symmetry

3. XYspin S =(57,57)  Two component unit vector: (S7)* + (S¢)? =1

(

- Strong easy plane anisotropy

- Representing underlying U(1) symmetry




Classical Ising spin vs. guantum spin

Ising spin S=1/2 quantum spin
1 1 —i 1
o= L= =31 o) 5=3(0 ¥) =20 %)
"Ising model”

"Transverse field Ising model”

L—1 L
H=— Z SizSi+1 — I Z Six
i=1 i=1

L—1 L
H=-> SiSi1—h) S
1=1 1=1

(—1—2h 0 0 0 \ (—1/4 -r/2 -I/2 0 \

b 0 1 0 0 o |-T/2 14 0 -T2
- 0 0 1 0 —|-r/2 o0 1/4 —T/2
\ 0 0 0 —1+2h) \ 0 -T/2 -T/2 —1/4/

In the case of classical system, the Hamiltonian is "diagonal”.

- We do not need explicit diagonalization.

» - "State" can be represented by a product of local DOF.
~ O( L) (Degrees Of Freedom)

. Although, # of states is ~ O(2")
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Outline

Vector space- Abstract vectors-

General vector space (with inner product)
Basis and relation to coordinate vector space

Vector subspace and spanned vector subspace

Matrix and linear map

Relation between matrices and linear maps
Important properties and operations for matrices

Relation to simultaneous linear equations

Eigenvalue problem and diagonalization



Vector space -Abstract vectors-



(Geometric vector

Geometric vector: Arrow on the plane (or the space) ,

which has "Direction” and "Length”

We can express a vector by its component: A

va’; :I;p - :I;O

UZ Zp - ZO



Properties of vector

Properties of addition:
1 +a Commutative property (3&#a;%81)
(6 +b)+Cc=a+ (5 + 5) Associative property (i&&58!)
_|_

i+0=4a zero vector
i+ (—a)=0 inverse vector
> <
g @

Multiplication of scaler ¢ € R (3£#{)
c(d + b)

(c+d)a
(cd)d

I;—I—cc_i
ca + da
c (da)

Distributive property (4 'Be;%=8l)



Inner product of vector

Inner product:

Example:
a=|a ,I;: b
— a/mbx -+ ayby -+ azbz az b
Properties:
(d,a) >0
(67 [;) — ( 76)
(5+57(?> — (C_i?(?) + (575)
(c@,b) = c(@,b) ce R




Vector space (linear space)

\ector space vV : generalization of geometric vector

Set of elements (vectors) satisfying following axioms (Z332)
Properties of addition:
+- +a Commutative property (3&#a;%8)
(c? +b)+c=a+ (5 + 5) Associative property (f&&7=81)
+

a+0=a Existence of unique zero vector
a+(—a)=0 Existence of unique inverse vector
Multiplication of scaler c¢ :
L . c € IR : Real vector space

c(@d+b)=cb+ ca
(c+d
(cd

' c € C: Complex vector space

a = ca—+da
a

= ¢ (da)

N— N



Inner product space (metric vector space)

(FTEZEMH)
Inner product space:

Vector space + definition of inner product

Inner product: (@, b)

Axiom:
(a,a) >0
@b) = (b.6)"
(@+b,8) = (a@,8) + (b, 0)
(cd@, b) = c(d, b)

*If a norm defined from the inner product is "complete" (5Z1&) |

that space is called Hilbert space.



—Xxamples of vector spaces

(1) Coordinate space (#X7 ~JLZEHE) R",C*

vl\

U2
VeC’[OI’: 17 — . V; - R or (C
vn )
Inner product: (@,b)=a-b*

(2) Wave vectors in guantum physics

Vector: U)

Inner product: (la), b)) = (bla)



Linearly independent or dependent
(FRFZIRIL) (FRIFAEE)

Linear combination:
T = c1U1 + coUa + - - - C Uy,

gl

v; €V c; € RorC

A set {U1,V2, Uk} is linearly independent when
7 =0 issatisfiedifandonlyif c1i =ca=---=¢; =0

¢

A set {U1,72, Uk} is linearly dependent when

it Is not linearly independent.



5asis of vector space

(EE)

Aset{€1,€2, -} (€ €V) isabasis (EE) of V
when

{e1,és,--- eyt is linearly independent.

and

Any vectors in V are represented by its linear combination.

I e; . basis vector

# of basis vectors (n) is called dimension (CXJT) of V .

n =dmY



Relation (map) to coordinate vector space

By using a basis {51; €2, " - 5n} v €V Isuniquely represented as

5 5 5 5 (* From linear independency)
U = v1€1 + V262 + - - Upky

* We can represent v as a coordinate vector
U1
5 v
v— | % | eC" orR")

Un

By selecting a lbasis, we obtain a "concrete” coordinate vector
for an "abstract” vector




Orthonormal basis (IFiRBEREEK)

@Vhen a vector space has an inner product, A
g i,b is orthogonal (EBEZ%) if (d,b) =0 3

Orthonormal basis

A basis {€1,€2,---€n} is an orthonormal basis when
lell=1 (i=12,...,n)
(é;,é}):o (2#3,2,321,2,,@
*A basis can be transformed into an orthonormal basis.

cf. Gram-Schmidt orthonormalization



2 gbits:
o0

Many gbits:

—Xample: wave vector

We can choose following four vectors as the (orthonormal) basis.

0) ®10),10) ® [1), 1) ®10), 1) @ [1)
Simple notation: [00), |01}, [10), [11)

B (V)= >  Cagplap)

a,5=0,1 Ca,p = (aB|¥) :complex number

C eC?
basis: |mq,ma, - ,my) =[00---0),]00---1),|01---0),...

W) = Z Tmlam27"'7mN’m17m27... , N )
{mizo,l}

N
Tml,mg,---,mN — <m1,m2,'°' ,TI’LN’\IJ> » T - <C2



Vector subspace (linear subspace)

-
Vector subspace (X7 ~JLESZERE) -

A subset W of a vector space VY is a vector subspace of ¥V

hen W satisfies the same axioms of vector space with W |

N\

The following conditions are necessary and sufficient.

—

a

(In the case of complex vector space)



Spanned vector subspace

Spanned subspace:
For a subset § of avector space V, a set of linear combinations
{c181 + c282 - - + ciSk|c; € C,5; € S}
becomes a vector subspace of V.

We often use
Span{sl, S2, ", Sk}

to represents a vector subspace spanned by a set of vectors



Matrix and linear map



Matrix (1T51])

Matrix: "Table" of (complex) numbers in a rectangular form

M x N matrix Ay A o Al w
Aor Aoy -+ Agn
A= . . .
Avit Ay -+ AuN
Product of matrices: ¢ = AB A;; € C(or R)

A:Mx K

K B:KxN

Cz’j:ZAikBkj C:MxN

k=1

In general: XY #Y X

*We also know addition, multiplication of scalar.



[dentity matrix (BENA{7%51)

Identity matrix:

1 0O 0
N x N matrix 0 1 0
(Square matrix) L= ;
0 O 1
Product: - p 4 — 4 AN x M
Bl =B B: K XxN

" Element of the identity matrix: I,; = ¢;; (Kronecker delta)

1 =)
% {o (i £ )



Transpose, complex conjugate and adjoint

Transpose: Al (AY);; = Ay
(B5iE)

Complex conjugate:  A*  (A%);; = Aj;
(BRHER)

AdJOl AT — (A = (A*)!
(B (A7 = (40
or (AT)ij = Aj;

Hermitian conjugate:
(T)L = — ~NIE1E) ("Dagger" is convention in physics)




Multiplication to coordinate vector

A-Mx N veClV ¢ecM
A Ag - Al,N Ui
Aor Az -+ Aan u1 Vs

: : : U2
° UN /
Ay Ape - AM,N Unr

M x N matrix transforms a N-dimensional coordinate vector
to a M-dimensional coordinate vector.

‘M x N matrix 4 Linear map: CV - CcM A
1to1 (FRIEBE®R)

- J




General linear map

Map: f: V=V

Examples:
Rotation (e.g. 0 rotation around z-axis)

Rz,g : (CS — CS
Hamiltonian operator

H:V =V




Matrix representation of linear map

By using a basis, we can represent a linear map in a matrix.
f:V-=V

Vectorspace V. dimV = N = V' :dimV' =M

Basis {517527'“ 75]\7} {6—;176—;27”' 76—;M}

Transformation of basis vectors:
f(&) = fije'1 + faj€la + -+ frarie’ m

Jin  fi12 o+ 1N
Jor  fo2 o+ fan

> fvov )
1to 1
(if we fix basis)  \ far1  fam2 - fun



—xXamples of matrix

Rotation (e.g. 0 rotation around z-axis)

RZ,Q . CS — CS 7
cosfd —sinfd 0 ]
R.p=|sinf cost 0O
0 0 1

Hamiltonian operator
Hoo0.00 Hoo001 Hoo1,0 Ho,o;l,l\

H:V—=V 4 | Houoo Hozor Horao Housn
Hi0.00 Hi001 Hio10 Hioa11

Hi1.00 Hii01 Hiii0 H1,1;1,1/

Matrix element: Ha o0 = (aB|H|a'5")

(1THER)
* In this notation, basis should be orthonormal.



lmage of a map

f: V=V

Image of £

(£R)

Vector subspace whose elements are Image
mapped from Y by f.

img(f) = {7 |0 €V, = f(7)}




Kernel of a map

f: V=V
Kernel of f:
(%)

Kernel
Vector subspace whose elements are

mapped Into zero vector by f.

ker(f) = {5|v €V, f(¥) =0}

~
Theorem:
. dim(V) = dim(ker(f)) + dim(img(f))

~

_




Rank of matrix

Rank (T > 7 or [&#) of a matrix A:

rank(A) = dim(img(A))

Rank is identical with
Maximum # of linearly independent column vectors (FIXZ ~JL) in A

Maximum # of linearly independent row vectors ({TXZ7 ~JL) in A

Al A - AN

m) rank(4) < min(M, N) R
for a NxM matrix A. | 5

W) A - A



Regular matrix and its inverse matrix

A square matrix A is a regular matrix (1EAl) if a matrix X satisfying

AX = XA=1
exists. The matrix X is called inverse matrix (G#17%) of A and

it is writtenas X = A1

Properties: A1 is unique.
(A~Ht =4
(AB) "' =B"1tA"!
A is a regular matrix H rank(A) = N

Can we consider an "inverse matrix" of a non-regular matrix (including a
rectangular matrix)




—igenvalue problems and diagonalization



—igenvalue and Eigenvector
For a square matrix A
AU = \U

v+ 0 :eigenvector (BT kL)

)\ € C :eigenvalue (EE1E)
Properties:

f ¥ is an eigenvector, cv is also an eigenvector.
Eigenspace (EHBZEfE)

The set of eigenvectors corresponds an eigenvalue A.

Eigenvectors corresponding to different eigenvalues are
inearly independent.



Right and left eigenvectors

In general, left eigenvectors can be different from the right eigenvectors.
AU = AU

v :Right eigenvector
(@*)" :Left eigenvector
Properties:
Set of eigenvalues are identical between the right and the left eigenvectors.

A left eigenvector and a right eigenvector are orthogonal when they
correspond to different eigenvalues.

—>k

1



Diagonalization

Diagonalizaiton (X¥£&1b)
A: N x N 1
P tAP =

N

A can be diagonalized. 4= A has N linearly independent

necessary elgenvectors.
sufficient P = (th,Ua,-+ ,UN)
—1\t o 5
(P ) :(UT”U/Z)... 7/(/(/7\{)

Normalization: ; - v; = 1



Meaning of diagonalization

General transform using a regular matrix: P~ AP

It IS a transform of the basis:
{6—}176—)27”' 75N} — {P517P527°°° 7P5N}

Diagonalization:
By using eigenvectors as a basis,

we can obtain a simple linear map
represented by a diagonal matrix.
A— P 'AP
* The determinant of A is invariant under this transformation:
det(P~1AP) = det(P~')det(A)det(P~ 1) = det(A)det(P~'P) = det(A)

N
» det(A) = [T
p (This relation is true even if A cannot be diagonalized)



Unitary matrix

Unitary matrix (2=% U 1{7%]) U =U""

Real Orthogonal matrix (RExX{751) @ P'= P~ (P, € R)

D

When we consider a unitary matrix as a set of vectors: A
U= (v1,02, - ,UN)
_ itis a orthonormal basis: v; - U = 0i.j y

The linear map represented by a unitary matrix
(unitary transformation) does not change
- the norm of a vector

U] = ||9]

"distance" between two vectors

(U0 — Uts| = |01 — V2]



Normal matrix

Normal matrix (IEEfR1T5) @ ATA = AAT
* We can always diagonalize it by a unitary matrix

Ut =U"!
. X \
A
UTAU = : . N € C
\ A/

lts eigenvalues could be complex.
(even if A is a real matrix)



Hermitian matrix and its eigenvalue

Hermitian matrix (-

Real symmetric matrix

C )L = — ~NTAY)
(EHFRITH)

AT = A

Al = A, (A@J S R)

» It is a special normal matrix. ATA = AAT = AA

lts eigenvalues are real.

We can always diagonalize it by a unitary matrix

UTAU =

x

\

A2

\

Ay

A €ER

Hermitian (or real symmetric) matrices often appear in physics.



Generalization of diagonalization

Eigenvalue problems and diagonalizations are

defined for a square matrix.

Even if A Is a square matrix, it may not be diagonalized.
- Is it possible to transform all square matrixes into

» diagonal forms by generalizing the diagonalization?

s It possible to generalize it to a rectangular matrices?

Yes. The singular value decomposition
FFE(ED#R) is an generalization of the diagonalization.

(We can also consider a decomposition of a tensor.)



Tentative lecture schedule

1HH

2HB
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Optional
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Outline

- Singular value decomposition (SVD)
- Low rank approximation
- Low rank approximation by SVD
- Low "rank” approximation for tensor

- Application of the low rank approximations to images



Singular value decomposition



Diagonalization

Diagonalizaiton (&fA1b) A
A:Nx N p-lAp _ A
(Square matrix)
AN
Av =\ P = (v, V2, - -
(ﬁ*)tA — )\(ﬁ*)t (P_l)t — (ﬂ”{)ﬁ;)

Eigenvalue problems and diagonalizations are
defined for a square matrix.

Normal or Hermitian matrices are always diagonalized
by a unitary matrix

Even if A Is a square matrix, it may not be diagonalized.




Spectral decomposition

(For a normal matrix 4,) A1
Spectral decomposition A_1r A2 -
(AR NIV5 %) -
AN
N
ZWI ulué uluz\,\ i;1
- {[T _ 2Uq UUy  + - U2 U py
e (:ZMUM\ )
_ KuNuik UNUS - uNu}"V)J =1
Matrix decomposition into a sum of Projector:

| j i 2
projectors onto its eigen subspaces. P*=P



Singular value decomposition (SV

Singular value decomposition

D)

(FFRED ) A UZV]L
A:MxN _/.— —
AijeC U:Mx M V:NxN
Unitary Unitary
T ( 2irxr OTX(N—T‘) )
O(M..—T‘)XT‘ O(M—r)xN—r
s (a1 \ Diagonal matrix with A
- 02 non-negative real elements
T o1 > 092> >0, >0
\_ \ Or / Singular values y




1. Any matrices can

Properties of SVD

A:Mx N mp ATA: N x N

« AT A is a Hermitian matrix.
(ATA)T = ATA mp

~ATAisap
(

OS|

1

oe decomposed as SVD: A = U VT

CTEfE. ZEL

- TE{E)

7 (ATA) = Az > 0 <y

\_

It can be diagonalized by
a unitary matrix v .

VI(ATA)V = diag{\1, A2, -+, An}

tive semi-definite matrix.

V = (7717?727”' 717]\7)
U; : eigenvector y
[ Its eigenvalues are A
non-negative
M > Ao > > A >0
k 1 = A2 Z -~ AN Z J




Properties of SVD

1. Any matrices can be decomposed as SVD: A = UR VT

.
VIATA)V = diag{A1, Ao, -, An} - (AT - (AT;) = \idy;
V = (01,72, ,VUn) (14T |17 = A;)

. J .

Suppose M =X > 2N >0=A41 == Ay
(There are r positive eigenvalues.)

» make new orthonormal basis U = (1, Uz, -+ ,Upr) 1N cM \
S |
For (i =1,2,...,r) 07 =/ Aj,U; = —Av

oF)
For(¢=7+1,...,M) Any orthonormal basis orthogonal to
ﬁi (i:1,2,...,T)

Z_I;*(Aﬁj):O'z(Sm (ZZl,,M,]Zl,,N)

1

y,

(For simplicity, we set ; =0 for ¢ > r )




Properties of SVD

1. Any matrices can be decomposed as SVD: A = UR VT

We can perform same "proof" by using A AT .

* U = (1, s, -, Uy ) is the unitary matrix
which diagonalize AAT as

UT(AANU = diag{\i, \a,..., A\, 0,...,0}
M —r

IN summary,
- A matrix 4 can be decomposed as SVD: A = U VAl

Singular values are related to the eigenvalues of AT Aand AAT as
0i =V Ai

V and U are eigenvectors of ATAand AAT respectively.



Properties of SVD 2 A=UXVT

2. # of positive singular values is identical with the rank.

V=cV V=CcV
A:MxN=p A.CN - CM A
rank(A) = dim(img(A)) ‘
" Remember ) |
o [ - - mage
The orthonormal basis {¥1, Ua, ..., Uy} satisfies
(A7;)" - (AU;) = Aidyy
LHere, M A > > A >0=Aay ==y and 0= VN )

N N T
erCN,a::;Cwi * Ax = Zci(A@}) = ZG&(A@)
i=1 i—=1

* img(A) = Span{ A9y, AV, ..., Av,}

=) dim(img(A)) =r =# of positive singular values



Properties of SVD 3 A=UXVT

3. Singular vectors

A: M x N U:(’L_Ifl,?zz,"‘,ﬁM),V:(77177727"'777]\7)
Fori=1,2,...,7 A \
AT, = o, | Atit, = 0.7, -
v; : right singular vector
u; : left singular vector
Relation to image and kernel: of Hermitian matrix

img(A) = Span{uy, Us, ..., U}

/N
ker(A) = Span{Uy41,Uri2;. .., UN}

img(AT) = Span{vi, U2, . .., Uy}

/

ker(AT) — Span{ﬁr—l—la ﬁ?“—|—27 R 71_[M}




Properties of SVD 4 (optional)

A=UXVT

4. Min-max theorem (Courant-Fischer theorem)

a: N x N Hermitian matrix

\_

Suppose its eigenvalues are A1 = Ag > -+ > An .

~

A = min max * . AT We can prove this
S;dim(S)<k—1zeS+;||Z||=1 by considering vector
/S subspace spanned by
Sl — 7. 7. 7=0,7 € S} elgenvectors.
(see references)

Orthonormal complement (IEBE3S#5Z2])

Intuitive examples:

)\1 — max T - (Af)
reCN;||Z||=1

Ao = max T
TeCN ;& Liy,||Z||=1

min max
S;dim(S)<1 e S+;||Z||=1

- (AT)
— (A

7)

Maximum appears for the eigenvector.

D
D

Uy
U2



Properties of SVD 4 (optional)

A=UXVT

4. Min-max theorem (Courant-Fischer theorem)

ﬁ:MXN

Suppose its singular values are o1 > 02 > - -+ -

~

o = min max  ||AZ||
k S:dim(S)<k—1zZeSL:|Z|=1 j
By setting k=1,
~ We can easily prove this
o1 = max HA%H by using
reCN || Z]|=1
AT A : Hermitian
which means -
A A’Ui — )\z

|AZ]|| < ou]|Z]

for 7€ CV

UiZ\/)\j’




Properties of SVD 5 (optional)

A=UXV1

5. Singular values for multiplication and addition

0i(A) : singular value of matrix 4
(for i > rank(4), we seto; = 0)

*Following properties can be proven

by using min-max theorem.

‘Multiplication: A: M xL.B:L x N A
or(AB) < 01(A)or(B) (k=1,2,...)
(0k(AB) < 0r(A)o1(B))
* rank(AB) < min(rank(A), rank(B))

(Addition: A B: M x N
Oktj—1(A+ B) < 0,(A) + 0;(B)

(k,j=1,2,...)

(0k+j-1(A+ B) < 0;(A) + or(B))

* If rank(B) <7

0k+r(A + B) S O'k(A)




Libraries for SVD

There are LAPACK routines for SVD.
o—

*Linear Algebra PACKage

At netlib.org (reference implementations)

_|_
A lot of vender implementations

DGESDD, ZGESDD
DGESVD, ZGESVD

(For dense matrices)

numpy and scipy modules in python

numpy.linalg.svd

- Intel MKL
- Apple Accelerate Framework
+ Fujitsu SSLII

nave routines for SVD.

(For dense matrices)

scipy.linalg.svd

(For sparse matrices or

scipy.sparse.linalg.svds

Computation cost‘

For a MxN matrix (M=N):

calculation of partial singular values)

Full SVD: O(NM?)
Partial SVD: O(NMk)

k . # of singular values
to be calculated




Low rank approximation



Amount of data in SV

A: M XN

D representation

A = UEVT — U ( E’I“X’P OTX(N—T) > VT
O(M—T)Xfr O(M—’P)XN—’P

U:(617627'°'76M)
neglect zero T 7t (o= '
singular values = UXipsrV V = (v1, v2, ,UN)

U:Mxr,Vi:rxN )
r \ U: (ﬁlaﬁéa 71_’;7“)
If rank(4) is much smaller than M and N, V = (5, 5 5)

r<< M, N

we can reduce the data to represent A.
_ (At this stage, no data loss) Y




Low rank approximation

Low rank approximation ({&= > 7G40
Find an approximate matrix

~

A~ A
with lower rank:
rank(A) > rank(A)

Through the low rank approximation,
we can reduce amount of the data.

An example of information compressions.

Notice! In order to quantity accuracy of the approximation,
we need a measure of distance between matrices.




Low rank approximation by SVD

Consider a matrix obtained by neglecting smaller singular values

A=U%,. VI P A=USuuV’  (k<n

Yrwr = diag(oy,09,...,0) Yexk = diag(o1,02,...,0%)
U = (i, @, . . ., i) U = (i, s, . .. , W)
V = (01, ,...,0) V = (U1, 02,...,0)
01> 09> >0, >0 Keep the largest k singular values

(and corresponding singular vectors).
rank(A) =7 rank(A) =k <r
This approximation is one of the low rank approximation.

* For this approximation, we need O(MNk) calculations
for SVD of a MxN matrix.



Norm of matrices || A|

There are two popular norms:

(1) Frobenius norm (ZOXZJX /)LL)

[Alle = [3 14512 = TrATA) e e

1,
(2) Operator norm (fEFAZ=./ /L L)

|Allo = inf{c > 0; | Az]| < ¢||Z]|}

— O'1(A)

“inf =infimum (TFEE)

)

*“We define the norm
for a vector as

|z = > |zl
1

By using these norms, we define t

|A— A

ne distance between matrices:




Accuracy of low rank approximation by SVD

Theorem
(For A: M x N A
min(N,M)
min{||A — B||r : rank(B) = k} = > o2
\ 5

min{||A — Bl|o : rank(B) = k} = 011

\_ J

-

Because the k-rank approximation by SVD gives

|A - AHF — \ Z o7, |A— AHO — Ok+1
1=k+1

it is an "optimal” approximation with rank .



Short proof of the theorem: Frolbbenius norm (optional)

“This proof is based on
'Y ZTFLHEO 2O OEE (1) "KEIRA E

From the inequality of singular values for matrix addition (property 5),
for j=1,... ,min(M,N) (rank(B) = k)
0j+k(A) = 0j4x((A— B) + B) < 0;(A— B)

Property 5
» By taking a square and summing up them

min(M,N) min(M,N)

), A< ) oi(A-B)=|A-B|%

i=k—+1 j=1

“Note 0j(A) =0 (j > rank(A4))



Short proof of the theorem: operator norm (optional)

“This proof is based on
'Y ZTFLHEO 2O OEE (1) "KEIRA E

From the min-max theorem of singular values (property 4),
(rank(B) = k)

o A) < max AZ| = max A—B)x
k—l_l( )/ Ze€ker(B),||Z]|=1 H H \fEker(B),H:E’l H( ) H
Property4 with BZ¥ =0 (&€ ker(B))
S = img(B")
S+ = ker(B)

< max (A - B)#|| = || A— Bllo

/ |7 =1 \

Expand the o
vector space Definition of the operator norm



Relation to principal component analysis (F %9 721T)

Data set {Xj;} : X: N x M matrix
i = index for data, j = data type (coordinates, momentum, ...)
* Suppose the mean of data is O: Z X5 =0

* Covariance matrix (H28475) : ¢ = XX
Principal component analysis (PCA):
Data compression through the spectrum decomposition of C.

C=VAV?T A: diagonal matrix, Ay = X > 0

V = (7717?727"' 7?7]\7)

(?77; corresponding to large A; contains important information.)

By construction, A and V are related to SVD of X!

_ T _ PCA can be regarded as
X=USVT oi= VA * the low rank approximation X.




(Generalization to tensors



Scalar, Vector, Matrix, Tensor,...

Scalar: ¢ Number ’
Vector: v; One dimensional array of numbers
Matrix: M;; Two dimensional array of numbers
Tensor: 15 k... Higher dimensional array of numbers

j
Scalar: O-dim. tensor /\

Vector: 1-dim. tensor
Matrix; 2-dim. tensor k

=5

/-
\

/
<



Graphical representations for tensor network
®

| ! o ]
Matrix M: M’L,j +

P
Rl

* n-rank tensor = n-leg object

—

- \Vector UV Vg

- Tensor 1215 5k

When indices are not presented in a graph, it represent a tensor itself.

a:’ T — —’—




Graphical representations for tensor network

Matrix product

Cz',j = (AB)Z’J = ZAi’kBk’j
k

C =AB

Generalization to tensors

Z A’I;,j,()é,ﬁBﬁ,’YC’y,k,Oé

o, 3,7

)
Contraction of a network = Calculation of a lot of multiplications

(&)



Low rank approximation: generalization to tensor

Tensor: 1.

y

Naive application of SVD:

7
\

Make a matrix by dividing indices into two parts.

Lijrt — Ly, (k)
Then apply SVD (and low rank approximation).

J
= {voHV—
k

[ J

:I \k

Note: The result depends on the initial mapping to a matrix.



CP decomposition | |
Review: T. G. Kolda et al, SIAM Review 51, 455 (2009)

CP (Canonical Polyadic) decomposition: Hitchcock (1927)

¢ -r ©@
— min () = tensor rank

. % (D@
- *Determining tensor rank

. Is NP-hard problem.
Tijr = Y (VA (Vi) V<3>> <v<4>>

a=1

Low "rank" approximation
Tijir =~ Y (VA (V) (VEN(VIY),

a=1

/

r<r rank-r" approximation




Tucker decomposition: generalization of SVD

Review: T. G. Kolda et al, STAM Review 51, 455 (2009)

ucker decomposition:

(Tucker (}963)). @ @

i J
:la\k

1 J K L

U6 . Factor matrix
(usually unitary)

S
@ @* S :Core tensor

Sijnr U U USROS

7,]/.4 P

ot -t -t
i'=1j'=1k'=11'=1 N - : "
If S is "diagonal”, Tucker decomposition

Low "rank" approximation becomes CP decomposition.

/ / /

Lijr = > > > >‘ Nz'gfkfzfU(l)U(Q)U,_g?Ul(;})

—1j/=1k'=11'=1

I'<I, J<J K <K, L'<L rank-(I"J", K’ L") approximation




Higher order SVD (HOSVD)

L. De Lathauwer et al, SIAM J. Matrix Anal. & Appl., 21, 1253 (2000)

Define a factor matrix from matrix SVD:

i

J ; J J
O — @ - O
/ N k / /
Core tensor is calculated as
ijkl
Properties of the core tensor Dot product
4
S* . S | 5 _ 0 (CV # 5) A-B= Z Az’jleijkl
Z,'n: go g ln =D, 1,7,k,
in=0 (O_((X’n))g (C\f _ ﬁ) 3.kl

\

Generalization of the diagonal matrix £ in matrix SVD.

* Low-rank approximation based on HOSVD is not optimal.



Application of low rank approximation

Sample codes will be uploaded on the website

SVD_sample.zip
(oython3 (or python2.7) + numpy + PIL)

(oython and jupyter notebook codes)



lmage compression: grayscale image

Image: 1024 x 768 pixels

a

rank(A) = 768

Amount of data=786,432

Perform SVD of 4: A = UX VT

» rank(y) approximation
Amount of data=(768 +1024 + 1)xy




lmage compression: grayscale image

Rank: X = 768 x = 100

Data: 786,432 179,300 179,30
(Original)



lmage compression: color image

Image 1024 x 768 p|xels

/68 x1024x3 tensor T

Amount of data=2,359,296

* Sub matrices for RGB colors
Rij = Tij1, Gij =Tij2, Bij = 1ijs

Two Image compressions:
Perform SVD for R, G, B -> rank () approximation for RGB matrices
Amount of data=3x(768 +1024 + 1)xy
Perform HOSVD for T = rank—(x’,x’,3) approximation
Amount of data= (768 +1024 + 3y)xy,




lmage compression: color image

SVD
Y = o0
268,950

~10%
Compression

HOSVD
Y = 100
S 209,200

Original e
Data: 2,359,296



lmage compression: color image?

~10%

Compression ' b =0 | Y = o0

Original

2,359,296

it

&1 268,950

HOSVD
Y = 100
209,200



lmage compression: multi images

Images were taken from ORL Database of Faces,

92 X 1 22 pIX6|S 1 O |mag eS AT&T Laboratories Cambridge

‘ by HOSVD

92 x122 x 10 tensor T ' rank—(x, x, X’ ) approximation

Amount of data=
Amount of data=112,240 (92 +122 )y + 105" + 42




lmage compression: multi images

Data
112,240

15,520

14,610

10,970



SVD of wave function?

Wave function: |[¥) = > Tu, e iy lmi,ma, -

Ly ma, sma :N-leg tensor (or Vector)

M M2 M3 Mg mg

We can consider it as a matrix by making two groups:

T{mlam27°" 7mM}7{mM—|—17"' 7mN}

» We can perform the low rank approximation of 7.

My m25m3 M4  ms M mo- ma3 M4 Mg

What does it mean”?




References:

- BEEEE. TREAREAFM] RRARZLERS
- KERA. "YXATFLRIEOZHDOEE (1) —@EREwR— . 07«
- T. G. Kolda et al, STAM Review 51, 455 (2006).
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Outline

Tensor network representation of a scalar
Partition functions in statistical mechanics

Tensor network renormalization
Tensor Renormalization Group (TRG) in two dimension
Generalization to higher dimensions

Tensor network renormalization around critical point
Fixed point of TRG: Corner double line tensors

Report problems



Tensor network representation of a scalar
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Real space) Renormalization group

(fEEH)




—xample: Ising model

ISing model

H=—J) 55, —hZS

(,9)

1

1

Canonical ensemble: P(I;7T) = - €XP (

Magnetization at T:

nofes),

_S‘S‘SPFT

kgl




Coarse graining (f8#R21k)

Block spin transformation  4:1 ¥ :-1
(7Oy v RAEVEiA)

REIER o

:::i:‘ ® "Length scale”
346 t changes
¢ 040 4¢9¢ ® O

Lo A IR A

L L 0 4 A 2x2 system

Ox0 system

coarse grained spin

>
1
-

> ¢ O
ha s &




—xample of block spin transtormation

Figure taken from a book "Scaling and Renormalization in Statistical Physics”, John Cardy

T=T; (critical point) T>Tc
(loefor)

- At the critical point, the block spin transformation does not change"image” qualitatively.

* "Scale invariance"

- At T > Tc, the block spin transformation changes typical "cluster size"



Partition function after coarse graining

Partition function after a block spin transformation:
(for simplicity, we set J/kgT = K)

Z= Y KTunSS o § WU
{S;==x1} {Si==%1}
oL o(L/b)"?

(d-dimensional system with length L)  (d-dimensional system with length L/b)

By block spin transformation, the partition function is
represented by smaller # of spins with a modified Hamiltonian

* Information compression by "tracing out”
short range fluctuations



Coarse grained Hamiltonian

Partition function after a block spin transformation:
MU = § KTy S

{S;}e{S’} | Sumover spin configurations
,L 1
corresponds to {S'}

Suppose H' has the same form with the original Hamiltonian,
which characterized only one parameter K:

/! / ! O
H =K S
(2,5)
By repeating the procedure, we can draw a flow of "K"

K—-K —-—K'"—- - — K%

"renormalization group” I __
@oasgn K = Re(K)

Ro : transformation with scale b



Renormalization flow

Renormalization group: /K = Rb (K )

Fixed point (EE M=) K* = Rb(K*)

Unchanged under renormalization

Typically, we have three fixed points for a phase transition:

Corresponding T=0, T=eo, and T=Tc

o - <€ <€ < - > > > > >®
KT:():OO K. Kp—oo
646600 dvéed
44444 A A 0 an 4
L4444 A v4v4
444404 ves by
44444 AV Vv



(General case

o~ H ({Si}) — Z e 2,5y SiS;
{S:te{S;}

In general, H' contains many body interaction such as SiS;SkS..

* We need more than one parameter: {K 1, Ko, ...
Renormalization group: 7/ — Rb([?)

RG characterize a flow in parameter space

Ko
-




Critical exponents and eigenvalues

— — Kot
Linearization around Ke: K" = Ry, (K) ;

P K K.~ MK - K, .Ulk

@ .—>K1

M, Matrix applied in parameter space
y; :Eigenvalue of M,

§ K ;:Eigenvector

'Relevant" |y;| > 1 = §K, increases along renormalization

"Irrelevant”  |yi;| < 1 =9 §K. decreases along renormalization

Critical exponents are related to relevant eigenvalues!



Tensor network renormalization



Tensor network renormalization
(T2VILRYy NT—T% D IAH)

- Approximate

calculation of a tensor network contraction

by using "coarse graining" (#Hf24L) of the network

- Coarse graining «<— Real space renormalization

(FHEL) — (RZEEERDAH)

+ |t can be app
(algorithm) is
tensor netwo

icable to (basically) any lattices, and the idea
iIndependent on "models” represented by
ks.

- Potential application to wide range of the science.



Outline of tensor network renormalization

Scaler represented

by L xL tensors

A: DXDXD X[

e e

Corse graining (Renormalization)
into |/ 2 times longer scale.

Approximation

(L *L)/2 tensors

o

A:DXDxDxD

Reduce the number of tensors
keeping their size constant




Key technique: low rank approximation by SVD

Best low-rank approximation of a matrix = SVD

0 -0:.0 - 00

AMXN A:M>M A:RXR
M=N) (Diagonal matrix) (Keeping the R largest
U, V.(IMN)xM singular values)
T Vi MN)%R
In addition, U,V )

- O-:-i @ - OO By SVD, we can

decompose a matrix
V/A :Diagonal matrix X =UVA MxR nto a Iprodupt of
those elements are /) vV — VAUT ‘RxM small” matrices.




Recipe of Tensor Renormalization Group (TRG)

M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
Z.-C. Gu, M. Levin and X.-G. Wen, Phys. Rev. B 78, 205116 (2008)

1. Decomposition D-rank approximation
Regard a tensor as a matrix by SVD
Ai jok, A(zl) (.k) A(w) (k1)
A: DXDXD XD A D?xD?

0

Approximation



Recipe of Tensor Renormalization Group (TRG)

M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
Z.-C. Gu, M. Levin and X.-G. Wen, Phys. Rev. B 78, 205116 (2008)

2. Goarse graining
Contraction of In total, two original

mner iIndices
tensors are coarse
grained into a new tensor.

g:z«




Recipe of Tensor

}

900000
000000
0000 0 0
000000
0000 0 @
+ 00000

Calculation cost:

Renormalization Group (T

RG)

M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
Z.-C. Gu, M. Levin and X.-G. Wen, Phys. Rev. B 78, 205116 (2008)

-

£4 -

SVD= O(D
() (per tensor)

Contraction= O(D?Y)

*By one TRG step, # of tensors is reduced by 1/2.

We can calculate the contraction in polynomial cost!



Tensor renormalization group for higher dimensions

Simple generalization of TRG to cubic lattice (three dlmensmn)

+ *#ﬁ% 4 7

pEa=as
ot

6-rank

8-rank



Tensor renormalization group by using HOSV

D

Anisotropic coarse graining by using HOSVD instead of SVD

Z.Y. Xie et al, Phys. Rev. B 86, 045139 (2012)

el ll L A A dhe
NN L] ey IR EEXEEXKX.
el l 000 0©

Basic idea of HOTRG algorithm: .
Low-rank approximation

(For details, see the original paper.) by HOSVD

e

U(s)‘

e

U



(Reference of HOSVD)

Tucker decomposition: generalization of SVD

Review: T. G. Kolda et al, STAM Review 51, 455 (2009)

ucker decomposition:

(Tucker (}963)). @ @

U : Factor matrix

i J
>e/\ — \ (usually unitary)
l - @ @* S :Core tensor
1 J K L
Z]kl — _ _ _ ) SZ j’k’l’U(l)U(Q)Uk(f]i)/ UZ(ZL’L)
i'=14'=1k'=11'=1

*If S is "diagonal”, Tucker decomposition
Low "rank" approximation becomes CP decomposition.

/ / /

Lijr = > > > >‘ Nz'gfkfzfU(l)U(Q)U,_g?Ul(;})

—1j/=1k'=11'=1

I'<I, J<J K <K, L'<L rank-(I"J", K’ L") approximation




(Reference of HOSVD)
Higher order SVD (HOSVD)

L. De Lathauwer et al, SIAM J. Matrix Anal. & Appl., 21, 1253 (2000)

Define a factor matrix from matrix SVD:

L l. J J
O — @ - O
/ \k / /
Core tensor is calculated as
ijkl
Properties of the core tensor Dot product
4
S* . S | 5 _ 0 (CV # 5) A-B= Z Az’jleijkl
Z,'n: go g ln =D, 1,7,k,
in=0 (O_((X’n))g (C\f _ ﬁ) 3.kl

\

Generalization of the diagonal matrix £ in matrix SVD.

* Low-rank approximation based on HOSVD is not optimal.



Power of the HOTRG

Advantage:
HOTRG does not change the network structure.
- We can easlily generalize it to higher dimensions.
Low-rank approximation is based on the cluster of two tensors.
- At the approximation, we take into account more information.
More efficient than TRG where SVD is done for a single tensor.

Disadvantage:
HOTRG needs higher cost than TRG.
- O(D7)in HOTRG «— O(D9%) in TRG



Application to a classical partition function

Partition function (Periodic boundary condition)

Repeat TRG step
until only a few
tensors remain.

7 = =

We can easlly calculate physical quantities from Z.

Free energy: F = —kgTInZ

Oln 7z | o
Energy: E = B (Use difference approximation)

1 0°lnZ

Specific heat: C = T 05 (Use difference approximation)




—xample of calculation

Error of free energy for 2D Ising model

[E—Y
O

[E—

-
L
[w]

—_—
—

[E—
OI

p—
[\
T T7T

Relative error of free energy
S

[
<>

2.1 2.2 2.3 24 2.5
Temperature

2
T./J = ~ 2.269

In (1 ++/2)

Ising model in infinite size

H=—J) 55,
(i.4)

Z.Y. Xie et al, Phys. Rev. B 86, 045139 (2012)

Energy and specific heat of 3D Ising model

Internal Energy U

-0.5

-1.0

-1.5

Temperature

Specific Heat



Tensor network renormalization at the critical point

— When the accuracy of TRG becomes worse?
(DUEERBAR)




Correlation (entanglement) within a tensor

General tensor Eg. Correlation in (i,j) and (k,))
M N
Aiiki Aijki = Mij Ny wllp Aijr = AN 66

Diagonalize M and N matrices.
i
/ M l
N J j '
k

New rule for representation of the correlation:

J j = 0ij

(+ we neglect eigenvalues in the graph.)



Fixed
(E5

point of T

A

— /1T

RG: Corner

Corner Double Line (CDL) tensor:

There are correlations
among the nearest legs.

"/
N

\
-

)

SVD

Original bond dimension = D

=P Single line: bond dimension v/D

Double Line tensor

Degree of freedoms
connecting two tensors.

Twolines= D

* No truncation error at SVD
(Original rank = D)



Fixed point of TRG: Corner Double Line tensor

Contraction of four tensors in TRG:

( )
— X
\_ )
Constant

oroportional to a CDL tensor!

CDL tensor is a fixed point of TRG (and also HOTRG).

CDL tensor remains as CDL tensor along TRG.




Problems In TRG: accumulation of correlations

Correlation in several scales Correlations remains after TRG.

Correlation in shorter scales should be removed.
Only the correlation in the present scale exists.

Ideal renormalization:

TRG - Correlations in all scales remain.




Problem In TRG: increase of truncation error

G. Evenbly and G. Vidal

Singular value distribution Phys. Rev. Lett, 115,

5 100 (@) T =T _: (2D |SII:19 model) E 180405 (2015)
N 3 B — 3 —_— 5
< S= 0 =g ' 5—23- 5—65
1 ER3 S 1 T S3e 3
H.é 1 0 ‘@ﬂ"-:";-;;z'_' T R G E
2| | | ]
= 4 - i
O 3 El3 2y E
8- 10 . =y TNR
10% 10" 10210° 10' 10210° 10! 102109 10! 102
(b)) T=11T,
P 3 3 ERR
§ U R s=olh, s=1if
£ 102, N N N
S % -> % % _) |
102 107 10210° 10' 10210° 10" 102 10% 101 102

Renormalization steps

-

In TRG, the width of the singular value distribution increases

along renormalization.
» Increase of truncation error (decrease of accuracy)




Improvement of TRG -

—ntanglement Filtering

Try to remove CDL structure at renormalization steps.

|dea:

Z.-C. Gu and X.-G Wen, Phys. Rev. B 80, 155131 (2009)

S’ Dx D' x D’
1/4 ,
(S D' ~ VD

Insert this "approximation” into the TRG algorithm.




Tensor Entanglement Filtering Renormalization

Z.-C. Gu and X.-G Wen, Phys. Rev. B 80, 155131 (2009)

() ’ D )é(

CDL structure is
S’ (after approximation) perfectly removed!

(Change of SVD: D <D In the case of CDL tensor ; N

~N




Remaining problem in TEFR

- TEFR works well far from the critical point.
Because it can remove CDL structure.
In the vicinity of the critical point, the accuracy is still poor.

Because the actual entanglement is not necessarily
perfect CDL structure.

In order to iImprove further, we need to consider the
entanglement structure beyond CDL tensor.



Recent progress: Tensor Network

Renormalization

Tensor Network Renormalization

Point of TNR

arXiv:1412.0732.

r — — — — 7 G. Evenbly and G. Vidal, Phys. Rev. Lett. 115, 180405(2015).

Use of a disentangler(Unitary tensor) H

It can remove short
range entanglement
efficiently.

(Not only CDL)

two-tensor cluster:

(d)

§ = %"
Al Tg

=)

ﬂ
|
I
|
|
|
| Approximation by using
|
|
|
7
|

Better accuracy than the
simple SVD of single tensor



Spectrum of A®

Spectrum of A®

(a) T =T, (2D Ising model)
0 3 3 3
107 s=0 e s=1]; g=2
10-1 L - 5 _ : B
1073 | '
107! 0 1 2 =10 1 2 0
109 107 10210° 10! 10210° 10
(o) T=11T,
b s=o0ik, s=1]k
10_1 I \Q\Q\ _ i \Q‘%S Il \\I\_.\-e
- : Y é
0 % - “ % =P
1073 b i} TR
1074 * ' A W '
102 107 10210° 10' 10210° 10!

Power of TN

:%

G. Evenbly and G. Vidal,Phys. Rev. Lett. 115, 180405 (2015)
,arXiv: 1412.0732v2 (free energy).

Singular value distribution

Renormalization steps

S

Error in Free Energy, of

Error of the free energy

(a)
""",,:"'.'.".\X

1073

-
o
(o)

107"}

= 4 TRG|

S, TNR
;'F* %*'H'ﬁk_ J&'}%
**:'F ¥ **4__***%
ﬁj X =
E TNR
o I
2 21 22 23 24

Temperature, T

S

In TNR: * The singular value distribution is narrower than that of TRG.

- It is almost unchanged at Tc.

- Indicating scale invariance of the critical system.



Interesting topics In tensor network renormalization

Try to find efficient algorithm to remove "short range” entanglement

TNR, Loop-TNR, GILT, Gauge fixing

TNR: G. Evenbly and G. Vidal, Phys. Rev. Lett. 115, 180405 (2015)
Loop-TNR: S. Yang, Z.-C. Gu and , X.-G. Wen, Phys. Rev. Lett. 118, 110504 (2017)

GILT: M. Hauru, C. Delcamp. S. Mizera Phys. Rev. B 97, 045111 (2018)
Gauge fixing: G. Evenbly, Phys. Rev. B 98, 085155 (2018)

Application to lattice QCD

Z.-C. Gu, F. Verstraete, and X.-G. Wen, arXiv:1004.2563

TRG with Grassmann algebra |
S. Takeda, and Y. Yoshimura PTEP 2015, 043B1 (2015).

Property at the criticality
Relation between TNR and MERA

Relation to Conformal invariance

G. Evenbly and G. Vidal,Phys. Rev. Lett. 115, 200401 (2015)
G. Evenbly, Phys. Rev. B 95, 045117 (2017)
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Outline

» Qutline of tensor network decomposition
- Entanglement

- Schmidt decomposition

- Entanglement entropy and its area law
-+ Matrix product states

- Matrix product states (MPS)

+ Canonical form

+ infinite MPS



Outline of tensor network decomposition



Classification of Information Compression by
Memory Costs

Linear algebra for huge data: o e CM
(1) A matrix can be stored
Required memory~O(M*?)
(2) Although a matrix cannot be stored, vectors can e stored
Required memory~O(M)
(3) A vector cannot be stored
Required memory < O(M)

We try to approximate a vector in a compact form.
M ~ oV =i Memory ~ O(N?)

Exponential Polynomial

N :problem size (e.g. system size)



When we efficiently compress a vector”?
M

U = Z Ci€; v e CM
1=1

If we can find a basis where the coefficients have a structure (correlation).

(1) Almost all C; are zero (or very small).

* We store only a few finite elements { (7, C;)}

M

Fourier transformation @ = Z Dy fr

k=1
If we can neglect larger wave numbers, we can efficiently

approximate the vector with smaller number of coefficients.

Classical state \‘I’> — ‘01011 e OO>

In this case, we know that only a specific C; IS non-zero.
We need only an integer corresponding to the non-zero element.

E.Q.



When we efficiently compress a vector”?

M
V= E C;€; 7geCcM
i—1

(2) All of C; are not necessarily independent.

* We store "structure" and "independent elements”.

E.g. Product state ("generalized" classical state)

A vector is decomposed into product of small vectors.

V) = o1 2) Q-+ eq.
YOI 00 ) aloy+ Al

¢1) = |01) — |10)

structure: "product state"
iIndependent elements: small vectors



Tensor network decomposition of a vector

Target: Exponentially large Hilbert space
7eC" with M ~ a"

_|_

Total Hilbert space Is decomposed as
a product of “local” Hilbert space.

CM:CQ(X)CG,@...C(L

* Tensor network decomposition

Vi = Viqig,...in — ZT(l)[’il]xl,xg,...T(Q) 220y g, "

1z}

i, =0,1,...,a—1: Index of local Hilbert space

Tz, 2,.... . local tensor for "state" i

() [in]

L3,L1005---



Graphical representations for tensor network
®

| ! o ]
Matrix M: M’L,j +

P
Rl

* n-rank tensor = n-leg object

—

- \Vector UV Vg

- Tensor 1215 5k

When indices are not presented in a graph, it represent a tensor itself.

a:’ T — —’—




Graphical representations for tensor network

Matrix product

Cz',j = (AB)Z’J = ZAi’kBk’j
k

C =AB

Generalization to tensors

Z A’I;,j,()é,ﬁBﬁ,’YC’y,k,Oé

o, 3,7

)
Contraction of a network = Calculation of a lot of multiplications

(&)



Graph for a tensor network decomposition

VeCIOr Wiy ,iz,is,ia,is m
*Vector looks like a tensor

11 12 13 14 qp

L2

. TenSOr T[i]xl,xz,xs L1 :
“We treat i as an index
- b o of the tensor.
Tensor network decomposition  *

*“We can consider tensors
Independent on i.




“ntanglement (

VT A RN



N-qubit system (S=1/2 quantum spin system)

Example vector: Wave function of N-qubit systems
00006 . . O

0),11)
(1), 14))

@ takes two states

V) = Z Wiy inli1) ® |i2) @ -+ ® |in)

{il,iQ,...iN}
= E Wi in 1102 - - N

{7;]_,7;2,...7:]\[}

Coefficients = vector: € C2

* Inner product: (®|W) = o* . U



Schmidt decomposition

General vector: £ € V; ® Vs dim Vi = ny,dim V5 = no
(n1 > na)
Schmidt decomposition
F=) \Nil; ®
1=1

{ﬁl,ﬁz, . ﬁnl} c Vi
Orthonormal vectors _ _ .
{?)1,?]2, .. ?}nQ} - ‘/2

Schmidt coefficient A\; > 0

Schmidt decomposition is unique.



Schmidt decomposition for wave function

Wave function: [¥) = » Ui, ylivia...in)

{’1:1,7:2,...?:]\]'}

Schmidt decomposition
A B

General wave function can be represented by
a superposition of orthonormal basis set.

=) M;;|A;) ®|B;) ZA\% ® |8;)

]

Divide system into two parts, A and B:

Orthonormal basis: {a|a;) = (5i]5;) =

Schmidt coefficient: X\; > 0




Partial trace and reduced density matrix

Density matrix: p = &' (pij = zi2})

(EET5) (p = |x)(x]) “Note: rank p =1

Orthonormal basis: {1,é2,..,én} Vi {fi,fa, -, fo} € V2

* Basis for & : G =€, ® fi,

INndex: i = (i1, is)

Reduced Density matrix:
(FEREEITI)
pv, = Try, p : a positive-semidefinite square matrix in V4

(pvl)il,jl — Zp(il,iQ),(jl,iz) Vi Vo
— O 00000060060



Relation between SVD and Schmidt decomposition

Singular value decomposition (SVD):

Fora K x L matrix M, Singular values: )\m > ()

] o .
= UimAnV, > UimU), ;= 0i,7
Singular vectors: '
m t o
S ViV =6,
Relation to the Schmidt decomposition:

ZMM‘A ® ‘B Z)‘m‘@m 1Bm)

,]

Qm) — UzmAz
o ZL: A * (as|o) = (Bil Bj) =
’5m> — varizj‘Bj>

By using SVD, we can perform Schmidt decomposition.
(and can calculate entanglement entropy.)




—ntanglement entropy

Entanglement entropy:

Reduced density matrix of a sub system (sub space): A B

pa = Trp|¥)(¥ O 00000606060 0

Entanglement entropy = von Neumann entropy of p4

S = —Tr(palogpa)
Schmidt decomposition [¥) =) Aila;) @ |5;)

» PA = Z A?\%}(%‘\ (*Exercise)
» S=—Y ANlog)?

Entanglement entropy is calculated through
the spectrum of Schmidt coefficients




Intuition for EE: two s=1/2 spins

L. =[Nel ® 0
A product state * A=1,5=0 A B
2. 18y =S (1)~ [ @ ()~ 1) Product state : S=0

Another product state * A=1,5=0

3 rm:%(m@m—m@m)

1 .
Spinsinglet = A1 =Xz = 75 » S =log? Maximally entangled State
4. |V >=(5L‘\T Y|+ V1I-22%])®| 7T )

Complicated state + A= zf, Ay = 1 — 22 5 2 4 /1= 22 log( 2)
S=x"logz”++V1—2x°log(l —x

Large entanglement entropy ~ Large correlation between two parts



Area law of the entanglement entropy in physics

General wave functions:
EE is proportional to its volume (# of qubits).

S = —Tr(palogpa) o L*

. (c.f. random vector)
Ground state wave functions:

For a lot of ground states, EE is proportional to its area.

J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)
d—1
S = —Tr(palogpa) o L

In the case of one-dimensional system:

Gapped ground state for local Hamiltonian
M.B. Hastings, J. Stat. Mech.: Theory Exp. P08024 (2007)

S =0(1) A i

Ground state are in a small part
of the huge Hilbert space




—xercise: examples of Schmidt decomposition

1-1: Random wave function (Sample code: Ex1-1.py or Ex1-1.ipynb)

- Make a random vector
- SVD it and see singular value spectrum and EE

1-2: Ground state of S=1 Heisenberg chain (Sample code: Ex1-2.py

or Ex1-2.ipynb)
H=> S Sin

- Calculate GS by dizagonalizing Hamiltonian
- SVD it and see singular value spectrum and EE

*Note: the ground state of this model is gapped

* Try to simulate different system size "N"
* You can simulate other S by changing "m"

show help: python Ex1-2.py -h



Result: N=10 spectrum

1071 ]

=
o
N

sigular value

=
Q
w

beC”

10 sites random vector

Random .
s
O
(I) 5|0 1(I)O 150 2(I)0 25|0
index

A

B

10 sites S=1 Heisenberg chain

[ ]
10-t14{ ©
-
[@D)

107 ""\.

10—5 .

sigular value

N

"1 Heisenberg \"

L )
1011 4 "
b )
0 50 100 150 200 250
index
L — T

Ground state wave function has lower entanglement!




Matrix product states (T5IFEIRRE



Data compression of wave functions (vectors)

(General wave function:

W) = Z \Ijzm in 122 . IN)

{Zl 227

Coefficient vector can represent any points in the Hilbert space.

¢

Ground states satisfy the area law.

Hilbert space

In order to represent the ground state accurately,
we might not need all of aN elements.

» Data compression by tensor decomposition: —Area law
Tensor network states




Tensor network state

[ "
G.S. wave function: |¥) = Z Wiioinli1%2 .. IN)

Vector (or N-rank tensor): \Ij’il’ig...’iN = m | # of Elements=aN

Tensor network” i1 Q2 I3 i s
decomposition *
* Matrix Product State . .
(MPS) Al[h]z‘b[’@] AN ZN = ? ? ? ? ?

A[m] : Matrix for state m

* General network . . . . .
TI’Xl [Zl]XQ [ZQ]Xg [23]X4 [Z4]X5 [Z5]Y

XY : Tensors

Tr : Tensor network contraction

By choosing a "'good” network, we can express G.S. wave function efficiently.

eX. |MPS: # of elements =2ND2 | D: dimension of the matrix A

L Exponential— Linear  *If D does not depend on N... )




—xamples of TNS

MPS:

A A A ¢

Good for 1-d gapped systems

-

~

For higher dimensional systems
PEPS, TPS: “xtension of MPS
-
/
MERA: & Scale invariant systems
-

/
N

/




Good reviews:

D) (U. Schollwock, Annals. of Physics 326, 96 (2011))
S) (R. Orus, Annals. of Physics 349, 117 (2014))

Matrix product state (M

)= ) Wipaylitie. .. in) MPS

{i1,i2,...iN}

Ui in = A1li1|Aslio] -+ AN[iN]

A[Z] . Matrix for state i

Note:

MPS is called as "tensor train decomposition” in applied mathematics
(I. V. Oseledets, SIAM J. Sci. Comput. 33, 2295 (2011))

A product state is represented by MPS with 1x1 "Matrix" (scalar)

V) = |¢1) @ [p2) ® - -
Wirig.in = Q1]11]P2]i2] - - ON[iN]
Dnlt] = (t]04)




Matrix product state without approximation

General wave function (or vector) can be represented by MPS exactly
through successive Schmidt decompositions

SVD of A1 By

(row) I (column) (row) , (column)

In this construction, the sizes of matrices

» ?_ﬁ_?_? depend on the position.

Maximum bond dimension = a2

At this stage, no data compression.



Matrix product state: Low rank approximation

R A 4 A ¢

Maximum bond dimension = a2

aN

Constant bond dimension = y

x Nay?

If the entanglement entropy of the system is O(1) (independent of N),

matrix size "y

can be small for accurate approximation.

» MPS is good for gapped 1d systems.

On the other hand, if the EE increases as increase /V,

¥ must be increased to keep the same accuracy.




Upper bound of Entanglement entropy

m ~ 99990 =U) MPSwihy
Reduced density
matrix of region A: Y ? ’ ? ?

pa = Trp|¥) (| = I I I I I

Y Structure of pa: H—‘—H

rank pg <
l Sa=—Tr palogpa <logx




Required bond dimension
N MPS representation

Sa=—Tr pplogps <logy ? ? ? * ?

The upper bound is independent of the "length”.

length of MPS & size of the problem

EE of the Required bond dimension
original vector in MPS representation




Gauge redundancy of MPS

MPS is not unique: gauge degree of freedom |- GgGg—t __ _ W

We can insert a pair of matrices GG-1to MPS

A O A




Gauge fix: Ganonical form of MPS

Ref. U. Schollwock, Annals. of Physics 326, 96 (2011)

Canonical form of MPS: (Vidal canonical form)
(G. Vidal, Phys. Rev. Lett. 91, 147902 (2003)

A . . .
:Diagonal matrix corresponding
T T T
S VR PR D ¥ —O— to Schmidt coefficient
ga
:Virtual indices corresponding
to Schmidt basis
Left canonical condition:  Right canonical condition: (Boundary)

), 1 )1

(¥, 1" (®| T



Canonical forms: Left and Right canonical forms

Ref. U. Schollwock, Annals. of Physics 326, 96 (2011)

Other "canonical" forms of MPS
Left canonical form: Right canonical form:

Satisfies (at least) left or canonical condition:

W), 1 v), 1

(vl (wl, T



Canonical forms: Mixed canonical forms

Ref. U. Schollwock, Annals. of Physics 326, 96 (2011)

Mixed canonical form:

) IS identical with
the Schmidt coefficient.

Left canonical condition: Right canonical condition:

), T W),

?

(@], 1" (U] T*



Canonical forms: Note

Vidal canonical form is unigque, up to trivial unitary transformation to
virtual indices which keep the same diagonal matrix structure
(Schmidt coefficients).

Left, right and mixed canonical form is "not unique”. Under general
unitary transformation to virtual indices, it remains to satisfy the
canonical condition 00" — 010 = 1

A A0 A .

3
i
:

ol | = |3-3e-6




MPS for infinite chains

By using MPS, we can write the wave function of
a translationally invariant infinite chain

T T T ik T
A A A A

Infinite MPS (IMPS) is made by repeating T and A infinitely.

Translationally invariant system » T and A are independent of positions!

* Infinite MPS can be accurate when the EE satisfies the 1d area low (S~O(1)).

If the EE Increases as increase the system size,
we may need infinitely large y for infinite system.




Calculation of expectation value

T

A

(W) =

_O_
_O_

Canonical form

=) A =1

For IMPS, if it is in the (Vidal) canonical form,
the final graph is identical to the above finite system.



—xample of IMPS: AKLT state

S=1 Affleck-Kennedy-Lieb-Tasaki (AKLT) Hamiltonian:
T

H = JZS i+ Z(S 5) W
<%J

(J > 0)
The ground state of AKLT model: S=1 spin: Q
4@_@_@_@_@_@7 S=1/2 spin
x=2 IMPS: (U. Schollwock, Annals. of Physics 326, 96 (2011)) Spin singlet
TiS. =1 = /2 (0 !
c 7 V3\0 0
2 (-1 0 I /1 0
p— p— — )\:—
o= (0 Y) A=)
4 /0 O
s, == 5 (% 0



—xercise 2: Make M

PS and approximate it

2-1: Make exact MPS from GS wave function obtained by ED

(We can easily check that the MPS obtained by successive SVD
satisfy the canonical condition.)

Sample code: Ex2-1.py or Ex2-1.ipynb

show help: python Ex2-1.py -h

2-2:. Approximate the MPS by truncating singular values

- Calculate approximate GS energy and compare it with ED

- Change chi_max and see energies

Sample code: Ex2-2.py or Ex2-1.ipynb

show help: python Ex2-2.py -h



Requirement for running sample scripts

File: Exercise_No10.zip
Python environment: python2.7 or python3

Modules: numpy, scipy and matplotlib
Usage:
For jupyter notebook, type
Jupyter notebook
and select Ex?-?.ipynb .
For python (command line), type
python Ex?-7.py -h

, then you can know how to change the parameters.
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Outline

- Application to Eigenvalue problem
(Ground state of qguantum many-body systems)

- Variational algorithm
- Application to time evolution of qguantum system

- TEBD algorithm

- Application to Machine learning



Application to eigenvalue problem



Calculation of minimum (or maximum) eigenvalue

Target vector space: Exponentially large Hilbert space
veCM with M ~ a"
_|_

Total Hilbert space iIs decomposed as
a product of "local" Hilbert space.

(CM:CGJ@CCL@...CCL

Target matrix:
H :Hermitian, square, and sparse

(Typically, only O(M) ( =0O(aV) ) elements are finite.)

Notice: We consider the situation where

we cannot store O(M) variables in the memory.



Problem:

Find the smallest eigenvalue and its eigenvector

7’[170 = E()?70
O (HY) (_ . <¢\’H|¢>>
111111 Ere— — 11111
JecM ot v)  (Y[Y)
Variational calculation using MPS:
O
Cost function: F = o (Hfb)

T
Find the MPS which minimizes F
by optimizing matrices in MPS.

V=99 909




Problem In graphical representation

—

)

Cost function: F =

'y
k

so- 13308

Find A;|o;] = ®— which minimizes F




lterative optimization

(F. Verstraete, D. Porras, and J. 1. Cirac, Phys. Rev. Lett. 93, 227205 (2004))

Local optimization problem when we focus on a "site" »

—

i IIIII

Minimize Solve generalized eigenvalue problem
Hd) AT A, -
po DD _ Al =) A,
Ak A; (NiA;) (Find the lowest eigenstate)

Notice: matrix size = ax? x ax?



lterative optimization

(F. Verstraete, D. Porras, and J. 1. Cirac, Phys. Rev. Lett. 93, 227205 (2004))

Update A4;s by "sweeping” sites i =1 to N

IILI= 1111 = 1111

Backward "sweeping" sites i =N to 1

3T = 11110 = 1111

Repeat sweeping until convergence.




Compact representation of an operator

Notice!
We can conduct this algorithm when we can represent
the matrix efficiently.

We consider the situation where we cannot store the matrix in the memory.

In practical applications, we usually represent the matrix
INn so called Matrix Product Operator (MPO) form.

-

The Hamiltonian of the Heisenberg model is
represented by MPO with bond dimension x = 5.




Relation to Density Matrix Renormalization Group

The variational MPS method is essentially same with
Density Matrix Renormalization Group (DMRG) algorithm.

oo B el A — \ \
(i'fl\ J§ 1T 7)_'_” ﬁ/ﬁ% D l]_\_ Jj‘ g—ljé) (S. R. White, Phys. Rev. Lett. 69, 2863 (1992))
(U. Schollwock, Rev. Mod. Phys. 77, 259 (2005))
DMRG selects com paCt basis (U. Schollwock, Annals. of Physics 326, 96 (2011))
based on entanglement between Blocks biockE
'System” and "Environment" blocks. t oz

DMRG is a powerful tool in physics and chemistry

- One-dimensional spin systems ,.ewb.ocif ttwb.ockg
- One-dimensional electron systems

- Small molecules p—— e blockE
+ Small two-dimensional systems et | O

system

But, MPS gives us a theoretical background gt Frjool e
for why DMRG works well. e | 00|

|
|
The original DMRG did not use MPS explicitly. |  mma" Cool |
|
|




Relation to Density Matrix Renormalizatio

Conventional DMRG algorithm corresponds to
variational calculation using open boundary MPS.

(F. Verstraete, D. Porras, and J. 1. Cirac, Phys. Rev. Lett. 93, 227205 (2004))

open: Y’???

Accuracy becomes worse if we
* consider systems

N Group

with periodic boundary condition. periodic: g* ? ? P

S=1/2 Heisenberg chain, (N=40)

W
)

ol

0 10 20 i

If we use periodic MPS instead 10" |
of open MPS, we can represent e %,
. <_ 10 %
the ground state more efficiently. o %
10°
107" '
0 20

60




Application to time evolutions of qguantum system



Time evolution of a guantum system

0
Schroédinger equation: ih&\w(t» = H|(t))

* Formal solution:
(1)) = e "M (0))

Time evolution operator

(RFRFERERET)

Time evolution using MPS:

1. Multiply the time evolution operator to a MPS.
2. Find an approximate MPS representation for it.

' When the time step (¢) is small,
we can perform the above step efficiently.




Time evolution of a guantum system using MPS

Target: (Basically) one-dimensional qguantum system
with short range interaction

Typical example: Chain of gbits or quantum spins
Transverse field Ismg model

N
Z S7Si—hY St
1=1

Heisenberg model

N
H = Z SYSE L +SYSY L+ 8787 ) —h )Yy 5]
Typical situation: Quantum guench B

Initial state: Ground state of a Hamiltonian which well approximated by MPS
t > O: Hamiltonian suddenly changes from the initial one.

For a "short” time interval, evolving state is
approximated by MPS efficiently.




Suzuki-Trotter decomposition

Suzuki- Trotter decomposItion: o. suzuki, Commun. Math. Phys. 51, 183 (1976)
Systematic approximation of exponential operator

e7ATE) — o™ Ae™B L O(72)  (1st orden
(AB # BA) = ¢7/2Ae™Be™/2A L O(13)  (2nd order)

= ¢7/2Be™Ae™/25 L O(13)  (2nd orden)

» If our Hamiltonian is represented as a sum of "local” operators,

h

H = Z H; E.g. transverse field Ising model
¢ Hi = =57571 — 5(5523 T Sg:+1)

Time evolution operator can be approximated as

M
o—itH/h _ (€—i5?—[)M _ (H eiaﬂj) +0(6) 5(158’[;/)2(?\;2)



Graphical representation of Suzuki- Trotter decomposition

Suppose the Hamiltonian can be decomposed
iInto the sum of two-body local terms

H:Z}L;: Z H, + Z H,

1€Eeven 1€odd

Suzuki-Trotter decomposition of time evolution operator
e ! =TT 4+ 0(8%) (1st order




Multiplication of time evolution operator

If we have MPS representation of |¢)

=99

Multiplying the time evolution operator is represented as

If we can perform the transformation

37T

Y

2

(Generally, all matrices change
for better approximation)

We continue the time evolution repeatedly.
Notice: we want to keep the bond dimension y constant along time evolution.



TEBD algorithm:

(G. Vidal, Phys. Rev. Lett. 91, 147902 (2003))

Time Evolving Block Decimation (TEBD)
We can perform the accurate transformation locally by using canonical MPS.

Only the two matrices which are
directly applied TE operator
changes in MPS.

Approximation *

A1 I 5\2 LDV




TEBD algorithm:

(G. Vidal, Phys. Rev. Lett. 91, 147902 (2003))

Apply TE operator

Approximation *

A1 1 Ao 12 )

s

>\2 1 A3

(o9

Combme
and
make matrix

U

Jv

~

X

m

SVD

Truncation

~

A2

ax — X

0

| Make tensor

Vi

»




Why TEBD is accurate”

1. For accurate calculation, the canonical form is important. W, Ty,
If A is equal to the Schmidt coefficient, it contains
all information of the remaining part of the system.

Truncation based on local SVD can be globally optimal,
even if we look at a part of the MPS.

2. If the operator is unitary, MPS keeps canonical form within truncation error

-

If we chose the initial MPS as the canonical form,
TEBD algorithm almost keep it.
(So, TEBD is almost "globally optimal®)




—xtension to infinite sytem iT

=1D}

(G. Vidal, Phys. Rev. Lett. 98, 070201 (2007))

Finite system' TEBD (R. Orus and G. Vidal, Phys. Rev. B 78, 155117 (2008))

Sequentially apply ITE operators » O(N) SVD for each step

Infinite sys

Duetot

*Note

em: |1

Ne trans

-BD

ational invariance,

all SVD are equivalent. ' O(1) SVD for each step

Because of SVD in iTEBD algorithm, we need at least two independent
tensors even in translationally invariant system

Tl )\2 T2 )\1 Tl )\2 TQ )\1 T1



)T

3

D can be used for eigenvalue problem

Method to optimize MPS for GS of a specific Hamiltonian

1. Variational optimization

Change matrix elements to reduce the energy: I¥1/{1

2. Imaginary time evolution

(RE RFFB1 )

=)

(VIH|P)
(W)

Simulate imaginary time evolution:  [¥as) o< lim e 7% W)

B—00

For a initial state (Yas|WPo) # 0

By replacing the time evolution operator to
the imaginary time evolution operator,

—1HL

€

— e

(t — —i7)

We can use (TEBD) algorithm for eigenvalue problem.



Difference between TE and IT

e~ “Ht Time evolution operator is unitary

-.—H7 Imaginary time evolution operator is not unitary

In general, by multiplying imaginary time evolution operator to MPS,
* the canonical form Is destroyed and TEBD becomes less accurate.

However, when 7 is small the operator is almost unitary.

(Because it is almost identity matrix)

If we chose the initial MPS as the canonical form,
TEBD algorithm almost keep it.
(So, TEBD is almost "globally optimal® even in the
case of the imaginary time evolution.)

*Instead, we can transform the MPS into the canonical form
after multiplying ITE operator in every steps.




3-1:

—nergy dynamics in T

3

D

10 site S=1 Heisenberg chain

—1.420 -
—1.422 -
—1.424 -
~ —1.426 -
—1.428 -

~1.430 - o

~1.432 - ®%000000e




|11
J

=xercise 3: (TEBD and) ITEBD simulation (ITE)

3-1: TEBD simulation

Simulate small finite size system and compare energy with ED

Sample code: Ex3-1.py or Ex3-1.ipynb
show help: python Ex3-1.py -h

3-2: ITEBD simulation

Simulate infinite system and calculate energy

Sample code: Ex3-2.py or Ex3-2.ipynb
show help: python Ex3-2.py -h

* Try simulation with different "chi_max", "T_step"



Requirement for running sample scripts

Python environment: python2.7 or python3
Modules: numpy, scipy and matplotlib
Usage:
For jupyter notebook, type
Jupyter notebook

and select Ex?-?.ipynb .
For python (command line), type

python Ex?-7.py -h

, then you can know how to change the parameters.



Application to machine learning

E. Miles Stoudenmire and D. J. Schwab, NIPS 2016



Machine learning for classification problem

Problem: we want to classify an input vector by several labels
E.g Classification of handwriting images

Standard procedure:
First, input vector x Is mapped onto higher dimensional space

—

Y(x) (non-linear feature map)

Then it is transformed to labels through a linear map
f= Wi ()

In the case of supervised machine learning, we optimize W based on the
correct labels of a lot of input vectors.



MPS representation of the classification problem

. | E. Miles Stoudenmire and D. J. Schwab, NIPS 2016
If we select a "product state” as a feature map

Vissig,in (B) = 04, (T1) ® @iy (2) @ -+ - @ D (W)

. . . N
The dimension of vector space is a

* Then we can apply MPS approximation for W




M

PS representation of the classification problem

Feature map

Vissig,in (B) = 04, (T1) ® @iy (2) @ -+ - @ D (W)

We can en]

'XXXX

Their feature map:

s

¢ (x;) = [COS <§mj

) i 5)

E. Miles Stoudenmire and D. J. Schwab, NIPS 2016

For the case of grayscale image
Application to MNIST database of handwritten digits

(handwritten numbers from O to 9)

X Test set error

* 10

20
120

~5%
~2%
~0.97%

500/10000
200/10000
97/10000

It iIs comparable with
the state of the art!
<1%

oy demo: http://itensor.org/miles/digit/index.html



http://itensor.org/miles/digit/index.html

References for application to machine learning

Low-Rank Tensor Networks for Dimensionality Reduction and Large-Scale
Optimization Problems: Perspectives and Challenges PART 1

A. Cichocki, N. Lee, I.V. Oseledets, A.-H. Phan, Q. Zhao, D. Mandic

Foundations and Trends in Machine Learning, vol. 9, no. 4-5, pp. 249-429, 2016 (arXiv.1609.00893)

Tensor Networks for Dimensionality Reduction and Large-Scale Optimizations.
Part 2 Applications and Future Perspectives

A. Cichocki, A-H. Phan, Q. Zhao, N. Lee, I.V. Oseledets, M. Sugiyama, D. Mandic

Foundations and Trends in Machine Learning: Vol. 9: No. 6, pp 431-673, 2017 (arXiv.1708.09165)

Topics:

- Supervised Learning with Tensors
* Tensor Train Networks for Selected Huge-Scale Optimization Problems
- Tensor Networks for Deep Learning


https://arxiv.org/search/cs?searchtype=author&query=Cichocki%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Phan%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Zhao%2C+Q
https://arxiv.org/search/cs?searchtype=author&query=Lee%2C+N
https://arxiv.org/search/cs?searchtype=author&query=Oseledets%2C+I
https://arxiv.org/search/cs?searchtype=author&query=Sugiyama%2C+M
https://arxiv.org/search/cs?searchtype=author&query=Mandic%2C+D
https://arxiv.org/search/cs?searchtype=author&query=Cichocki%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Lee%2C+N
https://arxiv.org/search/cs?searchtype=author&query=Oseledets%2C+I
https://arxiv.org/search/cs?searchtype=author&query=Phan%2C+A
https://arxiv.org/search/cs?searchtype=author&query=Zhao%2C+Q
https://arxiv.org/search/cs?searchtype=author&query=Mandic%2C+D
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Breakdown of M

PS representation



Required bond dimension
N MPS representation

Sa=—Tr pplogps <logy ? ? ? * ?

The upper bound is independent of the "length”.

length of MPS & size of the problem

EE of the Required bond dimension
original vector in MPS representation




Phase transition

Transverse field Ising chain:

N—1 N
H=—) SiSin—h) S
1=1 1=1
Ground state |v)

h =0 :Ferromagnetic state

h — oc :Disordered state
(Field induced ferro)

In between these two limits,
there is a phase transition.

At the phase transition,
order parameter becomes zero.

(B2

(Spontaneous) 1

I 2 3 N-1 N

0006000000
(115 14)

PAAAAAAAAY

> > >>>>>>>>

1
> = s (1+11)

Disorder
Ferro

Magnetization "= = 77 Z@\Sﬂ‘l’)
(B3 F£HAL) "

he h



Critical point and correlation length

h = h :Critical point (Bg5% ) ‘
. . . Disorder
Behavior of a correlation function: Ferro
0 < h < h. :Ferromagnetic state '
h, h

(0|87 S7,,|¥) ~ Ce™ € +m2

he < h :Disordered state $ = f(h) Correlation length (1‘@]59@%)
(W[ 5757, W) ~ e e
h=h, :Critical point
L Ferro
(W|SF 874, [ W) ~ ™=
Correlation length diverges at critical point! ¢ h




Scale invariance at the critical point

h = h :Critical point (Bg5% )

C(r) = (V|S7 87, V) ~ 1™

Power low decay!

After a scale transformation r’ = br

mPp- C(r')=C(br) =bPC(r

)

Change in the correlation function is only a constant factor.

» If we scale spins as  §7 = bPS?

the correlation function becomes

~

C(r') = (¥|S7 57, |9)

This property is called as "scale invariance”.

= C'(r)

(RT — LAz

ZIE)

Physics (properties) in different scale is essentially same.




DMRG (variational MPS) calculation of THl model

O. Legeze, and G. Fath, Phys. Rev. B 53, 14349 (1996)

Errors of the ground and the 1st excited | 77tz
states energies varying system size N. |
. . . Disorder
For a fixed dimension m, Ferro
Ferro and disordered states: R
The errors are almost independent of M. h h
Critical point: C
The errors gradually increases as increase N.
h = h, he < h
h =0.5 h=1.0
I(a) A 10_2| . | I L I | | 10_2 100| R I | I L | | I 100
o | R | 10_4_() ot _(bloooeoo sooaia | ) () | Osoveonootons )
O M=8 | 00006000000 O SOOEED 107 4 110
107° ;ﬁz?e(TSZZ) + ~107° 10_6906M“0 T 1o - g0 107°
s M=16 (TS=2) _ o o "l %_
Aap sl COBSds _++IW<> Vs 11010 A M2 i
O M=8 O M=4 110712
PEvaES [ vt
—15|A | ! | I;‘ | | | -15 ** o M=48 ! | ! -15
10 10 40 100 300 10 40 100 300 0 1o 10 4(|) 1o|o 3o|o I1o 4(|) 1olo 3o|o to 10 40 100 _300 10 40 100 300 10

N N N N N N



—ntanglement entropy of TFl model

Entanglement entropy: |54 = —Tr palogpa

*o990 0

EE of the Required bond
original vector dimension
Ferro or
— 01 = 0O(1
Disordered SA O( ) X ( )

Critical S4 =O0(logN) x=O0O(N®)

We need polynomially large bond dimension for critical system!

» More efficient tensor network for critical systems?

Key point: Scale invariance of the system



Higer dimensional system

Transverse field Ising model on square attice:
H=->» S;S;—h Z Sy
(2,5)

» " :Summation over the
(i,7)  nearest neighbor pair

Area law

Even in ferro and disordered phases,

the entanglement entropy depends on size N.

Sy~VN=1L

Two-dimensional array

1 0 0000

| o0 ® @@
Y

' 0000

<

Ferro

>

N =L, x L,

Phase diagram

Disorder

he



MPS for two-dimensional system

When we apply MPS representation for a square lattice system:

Setting (1) Sy < L,logy :Satisfying area law?

Setting (2) Sar < logy :Break down of the area law!

=

Possible MPS
(Snake form)

MPS cannot cover the area law of the entanglement
entropy in higher (d =2,3, ...) dimensions.

Two settings of system and environment

(1) (2)
A’ B’




MPS for two-dimensional system: comment

MPS can treat "rectangular” or "quasi one dimensional” |attice.

n setting (1), MPS can satisfy the area low partially. (1) Sa < L, logy

* We can increase L, easily with keeping L, constant. y
x = O(e™)
L, 10,L, > L, B

Quasi one dimensional system ("strip" or "cylinder") 2) Sy <logy

1 00000 00000 000 A’ B’
0000 000600
| ®©® 0 0@ 00 0600
0000 000600
',QC.Q OCQCQQ>




Tensor network fo

Multi-scale
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Hierarchical structure: tree tensor network

Critical system <@ Scale invariance

A simple scale invariant tensor network: tree tensor network

Tree tensor network state

A
MPS
"scale”
(=
O
T
N
T
g
(-
o

Notice:



Unitary tensors

Unitary tensor

k’

l!



Isometric tensors

Isometric tensor (half unitary tensor) = Isometry

Wzk T zg 5 /
ka § ” — ULk
ij o

k!

Unitarity condition only for "bottom” legs.

Isometry works as a "projector” from the bottom space to the top space.

dim(bottom) > dim(top)

It is also related to the "renormalization™ of degree of freedoms.

We pick up "Iimportant” degree of freedoms by isometries.




Isometric tree tensor network and its scale invariance

Consider an (infinite) tree tensor network consists

of Identical isometries as a wave function.
Properties:

1. It is normalized as <\IJ|\IJ> — 1

(Trivial from the definition of the isometry)

2. It can be scale invariant. ! T
C(2) = (V|S7S5|¥) =
(S7) = ﬁ

C(1) = (Y[ST53]¥) =
spin "renormalized" spin

*If(Sf)’ =27PS? then C(2r) =27??C(r) |Scale invariant!

V) =

S* — M

’ I




—ntanglement entropy of TTN

Entanglement entropy of tree tensor networks (T TN):

Due to the tree structure, two regions are connected by only "one bond".

(or a few)
* Sa=—Tr palogpa <logx

Cut here!

N

Cut herel

N

AAAA4A AAAA BB BB BB BB AAAA BBBB BB BB BB BB



M — :% A (G. Vidal, Phys. Rev. Lett. 99, 220405 (2007))
(G. Vidal, Phys. Rev. Lett. 101, 110501 (2008))

Multi-scale Entanglement Renormalization Ansatz (MERA)

Before applying isometry, insert a unitary tensor.

Isometry: *
TTN MERA

Unitary tensor: [N

»

[A Normalization
[A Scale invariance (if we set the identical tensors)



—ntanglement entropy of MERA

Due to the unitary matrices, # of bonds connecting two regions
logarithmically increase.

>

o

Nc(N)  Jdog N N.(N)

X »
# of minimum cut

Sa = —Tr PA log pa < (log X) log N | fora N-site region

rank paq <y

)
4144 BB BBBBBBRBBBRB AAA AA AAB BBBBUBB BB

Minimum # of cuts = 2 Minimum # of cuts = 3




Application of MERA

Transverse field Ising chain:
N—1 N
H==) SiSi—h) S
1=1 1=1

Energy errors:
MERA (Infinite chain)

(G. Evenbly and G. Vidal, Phys. Rev. B. 79, 144108 (2009))

11D Ising

Energy Error, 6E

] 1 l .
0.5 0.75 1 1.25 15

MERA can represent
very large (Infinite)
critical system!

DMRG (finite chain)

O. Legeze, and G. Fath (1996)

-2
10 | ] | 1l | I |

(a) (b)
_ 000000000009
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Interesting topics related to MERA

By using scale invariance of MERA, we can calculate properties of critical system

aCCu rately. (G. Evenbly and G. Vidal, Phys. Rev. B. 79, 144108 (2009))
(R.N.C. Pfeifer, (G. Evenbly and G. Vidal, Phys. Rev. A. 79, 040301(R) (2009))

Critical exponents and Operator product expansion coefficients in the Conformal
Filed Theory (CFT)

We can consider MERA in higher dimensions

It is scale invariant but satisfies the area low
(G. Evenbly and G. Vidal, Phys. Rev. Lett. 102, 180406 (2009))

For the system with logarithmic correction in the EE, such as metal, "branching

MERA" has been proposed.
(G. Evenbly and G. Vidal, Phys. Rev. Lett. 112, 220502 (2014))

(G. Evenbly and G. Vidal, Phys. Rev. B. 89, 235113 (2014))
Relation between MERA and other fields

Wavelet transform (G. Evenbly and S. R. White, Phys. Rev. Lett. 112, 140403 (2016))

AdS/CFT (quantum gravity, black hole)
(M. Nozaki, S. Ryu, and T. Takayanagi, J. High Energy Phys. 10, 193 (2012))



Tensor network for higher dimensional systems:
Tensor Product State
(Projected Entangled Pair State)




—ntanglement entropy in higher dimensions

Ground state wave functions:

For a lot of ground states, EE is proportional to its area. B
J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)

Area low: L A
S=—Tr(palogpa) oc LO?

In d=1, MPS satisfies the area low.

* Q. What is a simple generalization of MPS to d > 17
A. It is Tensor Product State (TPS)!



Tensor Product State (TPS)

~

-
TPS (Tensor Product State) (AKLT. T. Nishino, K. Okunishi, ...)

PEPS (Projected Entangled-Pair State)
(F. Verstraete and J. Cirac, arXiv:cond-mat/0407066)

d-dimensional tensor network representation
for the wave function of a d-dimensional quantum system

@) = Z Tr Ai[mi]Az[ms] -+ An[mn]|mims - - - my)
{mi=1,2,... ,m}" e

~

i Tr:tensor network “contraction”

Az ,alyiy [Mi] @ Rank 4+1 tensor

oY . xyxy =12 ..D D = “bond dimension”
x
S Sm mi= 1,2, ... m m = dimension of the local Hilbert space
\_ *D can be larger than m. “Virtual state “ y

.

TPS on square lattice

Tensor = Projector

v

o—0

Maximally entangled state
between D-state spins

_J




—ntanglement entropy of TPS (PEPS)

L A y

X XL

Bond dimension = D

y m
# of bonds connecting regions 4 and B
N.(L)=4L (square lattice)

N.(L) = 2dL%? (d-dimensional
) hyper cubic lattice)

» rank DA S DNC(L) -~ DQde—l

B

Sa=—Tr palogps <2dL%log D

TPS can satisfies the area law even for d >1.

=

* Similar to the MPS in 1d, TPS can approximate infinite system!

We can efficiently approximate vectors
in higher dimensional space by TPS.




Toric code model

H=—> A,

As =

€T
H%‘

jEstar(s)

- > B, :
p

—xample: Ground state represented by TPS

[
[
[

(A. Kitaev, Ann. Phys. 303, 2 (2003).

[
[

[ [ [

* [ [ [
[
[

[
[

_ z ]
_HUJ" il

JjE€OD

[
[
[

TA m @ m
‘D

lts ground state is so called Z2 spin liquid state.

=

"Spin liquid" is a novel phase different from conventional magnetic orders.

It can be represented by D=2 TPS.

(F. Verstraete, et al, Phys. Rev. Lett. 96, 220601 (2006).

,
0,1: eigen state of ox

0 0 1 1
YSED =
0 1
0 0 1 1
YSEb S
0 1

\
(Non-zero elements of tensor)

SR




Difference between M

PSand T

Cost of tensor network contraction:

d-dimensional cubic lattice N = @

MPS:  O(N)
TPS: O )

' It Is impossible to perform exact

contraction even If we

local tensors in the case of TPS.

Know

In the case of TPS,
usually we approximately
calculate the contraction.

0S
MPS
B B 4 B ¢
TPS
(PEPS)
EX X N
EX XN
S S S SN
S S S S TN
EX X AN
SRS SNY



—xample of approximate contraction: CTM method

(T. Nishino and K. Okunishi, JPSJ 65, 891 (1996))

For (infinite) open boundary system (R. Orus et al, Phys. Rev. B 80, 094403 (2009))
r 2
Infinite PEPS Environment Corner transfer matrix
(with a translational invariance) Representation

Environment

e:a

Corner transfer matrix Edge tensor

8 ¢
X | D?

X =bond dimension y ~ D?

S

Double tensor

- 1

» Mapping to a "classical" system




Cost of (approximate) contraction

MPS: m

e () -
X - O(x?)
& f o
Dl p
TPS D‘\m
D (W) =

When we use CTM environment in 2D,

@ ¢
X | D?

O(x*D°®),0(x’D*) ~ O(D') (x~ D?)

We can treat very small bonad
dimensions in TPS!

*—0

*—0
o0
o0

o000 0 OO

000000

000000

000000

o000 00
AAAAA AN
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Application of TPS to eigenvalue problem

For calculation of minimum eigenvalues and its eigenvector,
we can use similar technigues to those in MPS

(P. Corboz, Phys. Rev. B 94, 035133 (2016))
(L. Vanderstraeten, Phys. Rev. B 94, 155123 (2016))

Variational method:

—

! (M)
i

minimize cost function: F' =

Imaginary time evolution:

Simulate imaginary time evolution: [¥as) o lim e 77| Wo)

(EERIRE) e

For a initial state (Was|Wo) # 0

(H. G. Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))
(J. Jordan et al, Phys. Rev. Lett. 101, 250602 (2008))



—xample of application: Honeycomb lattice Kitaev
Model

A. Kitaev, Annals of Physics 321, 2 (2006)

Kitaev model

E J S, J S )
Y, <7’ 7.] x-bond z-bond
Y :bond direction y-bond

Depending on the bond direction, only
specific spin components interact.

Phase diagram

Exactly solvable by introducing Majorana fermion J =(0,0,1)

Isotropic region (B) : gapless spin liquid
Anisotropic region (A) : gapped spin liquid

Cf. The anisotropic limit corresponds to the Toric code.

*Recently, researchers have realized that this
type of models might appear in real materials.
Hot topic!




Application : Kitaev spin liquid >’

Honeycomb lattice Kitaev model - Y J,578]

At J. = J, = J. , the ground state is V{870

a gapless spin liquid (Py_xy’)
gap P quic- Energy error obtained by iTPS
(T. okubo et al, unpublished)

In the present (super)computers, 0.009

we can access around D=10 (maybe 106) 0.008 oo ------------------------- :

full update +

by using massively parallel code.

The error of the ground state
energy is less than 10-3
for infinite system!

(E T Eexact)/|Eexact’

ITPS can represent Kitaev spin liquid 0 003 011 / DOi-lS 02 025
in the thermodynamic limit accurately.

=



Interesting topics related to TPS

Application to itinerant electron system, which may break the area law

(P. Corboz et al, Phys. Rev. B. 81, 165104 (2010))
(P. Corboz, Phys. Rev. B. 93, 045116 (2016))

Characterization of topologies in wave function
Symmetric tensor network and modular matrix
(J.-W. Mei et al, Phys. Rev. B. 95, 235107 (2017))
Application to three dimensions
So far, there is no practical calculations for non-trivial models.

Mainly, due to the scaling: O(D'®)?
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Application of TPS to eigenvalue problem

For calculation of minimum eigenvalues and its eigenvector,
we can use similar technigues to those in MPS

(P. Corboz, Phys. Rev. B 94, 035133 (2016))
(L. Vanderstraeten, Phys. Rev. B 94, 155123 (2016))

Variational method:

—

! (M)
i

minimize cost function: F' =

Imaginary time evolution:

Simulate imaginary time evolution: [¥as) o lim e 77| Wo)

(EERIRE) e

For a initial state (Was|Wo) # 0

(H. G. Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))
(J. Jordan et al, Phys. Rev. Lett. 101, 250602 (2008))



Application1: Honeycomb lattice Kitaev Model

A. Kitaev, Annals of Physics 321, 2 (2006)

Kitaev model

E J S, J S )
Y, <7’ 7.] x-bond z-bond
Y :bond direction y-bond

Depending on the bond direction, only
specific spin components interact.

Phase diagram

Exactly solvable by introducing Majorana fermion J =(0,0,1)

Isotropic region (B) : gapless spin liquid
Anisotropic region (A) : gapped spin liquid

Cf. The anisotropic limit corresponds to the Toric code.

*Recently, researchers have realized that this
type of models might appear in real materials.
Hot topic!




Application1 : Kitaev spin liquid >’

Honeycomb lattice Kitaev model - Y J,578]

At J. = J, = J. , the ground state is V{870

a gapless spin liquid (Py_xy’)
gap P quic- Energy error obtained by iTPS
(T. okubo et al, unpublished)

In the present (super)computers, 0.009

we can access around D=10 (maybe 106) 0.008 oo ------------------------- :

full update +

by using massively parallel code.

The error of the ground state
energy is less than 10-3
for infinite system!

(E T Eexact)/|Eexact’

ITPS can represent Kitaev spin liquid 0 003 011 / DOi-lS 02 025
in the thermodynamic limit accurately.

=



AolrO3

Iridium Oxides

Strong spin-orbit coupling — m Effective “spin” moment:  Jog =

NaolrOs, LiolrOs G.Jackeli, et al., PRL 102, 017205 (2009) A

J. Chaloupka, et al., PRL 105, 027204 (2010)
7 Q 0
T//QM\;\ " L xx

Ir ions form an honeycomb lattice. C/

Ir - Ir direct exchange: Heisenberg interaction

Ir - O - Ir exchange:  Anisotropic Kitaev interaction
e A T N S L ST N S NS AN pz

'-"; Depending on the bond direction, only g"'-
I  specific spin component interact. |

yzZ Xz

v' ' Hf(g = — JS?? S;Y

R T - T Ry

b



ab initio Hamiltonian of NaslrOs

(Y. Yamaji et al. Phys. Rev. Lett. 113, 107201(2014))

S

ab initio Hamiltonian

A= Y Y 5, Hbu

F:X,Y,Z <£,m>EF

i

: J L L K' 1 I} J' I I
j Jz=|L J L |, Ix= |1 J" 1|, Jv=| 1 K IL|,
5 I, I K L I J noI J

Kitaev coupling K and Heisenberg like coupling J
+

‘ Off-diagonal couplings |1 and I»
|t also contains J> and Js interaction term.

Jo 1 only “z-bond” which is perpendicular to NN z-bond.

Js : all of the three third neighbors

posna poana L Ac A posna 2 i as o ST ) S e e B Lo posna =
— - 2 5 =

Due to the trigonal distortion, the ab initio Hamiltonian contains strong
off-diagonal couplings, together with J> and Js interaction



Results: comparison with other methods

T. Okubo et al, PRB 96, 054434 (2017).

Energy (per sites) Order parameter
6,17 . . . . S 0.4 55 . . .
-6.18} : 0.35 o0 O R A
619! A 0.3 482 "o E -
= -6.211 AOB § - S - iPEPS:
;J/ -6.22f L 02} (1o
-6.23} O )
1PEPS A 0.1} 0,0,1) *
62 DMRG: Ly x 6.4 Cbooex x kx|
6250 p 02 031D
626 03 035
Stability of the Zigzag(Z) state in the thermodynamic
limit is confirmed by iIPEPS calculation.
Energies of | > consistent.

- For 4 x 6 lati of them are <M> ~ 0.3

- Spins are almost along (1,1,0) direction,

D of IPEPS and finite Lx of DMRG which is consistent with the experimental

are overlapped. observations.



Phase diagram varying the trigonal distortion

T. Okubo et al, PRB 96, 054434 (2017).

Phase diagram (b)  Zigzag (X) ©) 120°/3-site
-5 . . . . 0.05
(D—()
520  Zigzag 16-sites i h—dk
s4MXY) @) 120° 1004 ..'.. ORI
(D—) D—

(

1 0.03 0*0 )
b4

/- 0.02

Energy (meV)
n
o0

-6 F
6.2 (1) 16-site (XY)
4 0.01
-6.4 1IPEPS ——
dE /dA DMRG —
'66 . ' l | | O
-60 -40 -20 0 20 40 60

A (meV)

DMRG: 6x8 cluster
IPEPS: 4x4, 2x6, 6x8, 8x12, 6x10 unit cells

Energies obtained by IPEPS and DMRG are consistent
New phases are stabilized compared with the previous ED reports
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H=J> SiSi+J ) 58S
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Dimer phase

Néel phase
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P. Corboz and F. Mila, PRL 87, 115144 (2013)
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{32 . Shastry-Sutherland #&F1& 1Y

P. Corboz and F. Mila, PRB 87, 115144 (2013)
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INFA2 © Shastry-Sutherland & FIRE DAL EFE

EROYE IC RRBINELE A Sreu(Ba):

H. Kageyama et al, PRL 82, 3168 (1999)

Shastri-Sutherland 1&F

RiALBTE
SrCu(BO:3): Tl of of PRE TL0, 0075106201
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