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J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)
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TPS (Tensor Product State) (akLr, T. Nishino, K. Okunishi, ...)

PEPS (Projected Entangled-Pair State) e Mo Ao A A
(F. Verstraete and J. Cirac, arXiv:cond-mat/0407066) .‘M‘M‘.‘
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TPSODOAI : PI#EEIRE D EEKIKRE

Toric code (A. Kitaev, Ann. Phys. 303, 2 (2003).
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lim (e_TH)M 1) = ground state

M — o0

Approximatin

Simple update

Full update

Cost
O(D5)
O(D19)

A B
e—TH
information Accuracy
local bad |2
global better
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Tensor renormalization group (TRG) Cf. M. Levin and C. P. Nave, Phys. Rev. Lett. 99, 120601 (2007)
2y hT—=0OHEGICED TV VILER Y NT—7 OaREKERE
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- FEEREEMERE (short-range entanglement) DBRZE

- MERA & DREE

- WRBFUWFERERZ L TWS,

- D. Adachi, T.O. and S. Todo, PRB 102 054432 (2020); arXiv:2011.01679.
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Gapped spin liquid

/2 spin liquid (L. Balents, Nature (2010))
Chiral spin liquid
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Gapless spin liquid
U(1) spin liquids
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Majorana fermions:
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Four Majorana fermions




YT RBEDRFE : 77V IR
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(Vortex free condition)




5 T EBOEKIRRE

4~ T Jf8Y A Kitaev, Annals of Physics 321, 2 (2006)

Z J S/y S’y x-bond
z-bond
(4,9)~ y - IR RDAM ;D*

y-bond

Zathzmw
JEFE H B (A) : gapped spin liquid
. EFRE S BRI ERO TRLF—F v v 7 BENEHER
- 2 FRDETIEIC{E b toric codefkRE & "[a] U "IKEE J=(0,0.1)
. Toric codelc & AV IV FRTNRIEDEFEE J = (Jus Iy, J)

A, \Jp+Jy+J.=1

gapped

7818(B) : gapless spin liquid
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T. Okubo, K. Shinjo, Y. Yamaji et al, Phys. Rev. B 96, 054434 (2017).
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(Y. Yamaji et al. Phys. Rev. Lett. 113, 107201(2014))

Kitaev + Heisenberg + Off-diagonal interactions
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2nd and 3rd nearest neighbor interactions
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J =(0,0,1)

YT TRAE IR

- Gapped spin liquid (ZWTEVRYICToric codelcEfccsns /™ ;
- Toric codeldD=2 DITPSTHE ICE T3

— —

J=(1,0,0) J=(0,1,0)

GS for 8 sites honeycomb lattice
-3,-%)

o (+3.-%)
(76) (+§6-%>O
- Gapless spin liquid IZBEGETVVILRY N T =7 RIBZFHFE W :{:
- NATF T I IHRFERWERRIEX, LTV ILRy KT —2 KE
P. Schmoll and R. Ords, Phys. Rev. B, 95 045112 (2017). \ i 5
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Projector onto vortex free sector

The Kitaev spin liquid is in the vortex free sector. 1 2
* Let us consider the projector onto this sector. 6%:?3
5 4
Exercise:
i I+ Wz A W, = ofoyoioiosof

Projectoronto Wi=1: | P, 4 =

It can be represented by D=2 tensor network.

Py =Tr (O70503500:05)

« L (T 0
O - 21/6 (O Jf‘)




Projector onto vortex free sector

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

What is a tensor network representation for the vortex free projector?
I+ W.
P = b
[
p 4 | )

7 S
It is given by "loop gas" operator. ss’ __
» J / P9 P igk —*7 i, 7,k =0,1

j S

Non zero elements:

(D=2, TPO)




Loop structure of the operator

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)
(" o )

1 S
ss’_
ijk — W r i, k=01
7S
tTl“llQ: +
0 0 0 1
*_:] *—Z(;w

Sum over the all closed loops!|  Notice: ) =W,

:H(I—I—Wp) = NP — W W/
P Ng = 2NV :# of graphs



Loop gas state: a vortex free state

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

A simple vortex free state corresponding to the isotropic Kitaev model:

LGS) = Qrc H ®[111),

Ferromagnetic state pointing (1,1,1) direction.

111y = |

1
(111]67|111) = —

>

D=2, TPS



Properties of the LGS

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

LGS) = Qrc H ®[111),

Symmetries:
From the symmetries of Q and [111>, LGS is symmetric under

| attice translation
Ce lattice rotation (+ spin rotation)
Reflection + Times reversal

* Single reflection or time reversal symmetry is broken due to
underlying |111> state, although it can be recovered by
considering a linear combination of Q111> and Q|-1-1-1>.

Magnetism

Vortex free condition ensures that the LGS is non-magnetic.

» Qualitatively very similar to the Kitaev spin liquid.




ILGS) = QLG H®‘111>Z~
Criticality of the LGS z‘

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

Criticality of the gapless KSL.:

It belongs to so called conformal quantum point.
cf. E. Ardonne, P. Fendley, and E. Fradkin, Ann. Phys. 310, 493 (2004).

» The wave function itself shows criticality (in 24).

It belongs c=1/2 Ising universality class.
(eg. K. Meichanetzidis et al, Phys. Rev. B 94, 115158 (2016))

If a wave function | qb) IS adiabatically connected to the Kitaev spin liquid,
(¢ | @) should show critical behavior which belongs to the Ising universality.




ILGS) = QLG H®‘111>Z~
Criticality of the LGS z‘

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

LGS is mapped to classical loop gas:

(LGS|LGS) = Ne(111]Q 1o |111) (Qic = NeQre)
= Ng Z (111|Q¢|111) Q¢:product of oY corresponding to the graph G
G Eclosed loop <111‘0-7‘111> — L

1 la \/§
— Ng Z <ﬁ) I :loop length

G Eclosed loop

ldentical wit the partition function of the classical loop gas model
with fugacity 1/\/5 .

On the honeycomb lattice, it is exactly solvable.
(B. Nienhuis Phys. Rev. Lett. 49 1062 (1982).)

* It is actually the critical point of the loop gas model,
ant its criticality belongs to the Ising universality class.




LGS : a simple Kitaev spin liquid like state?

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)
Qualitative properties of LGS: |LGS) = Q¢ | | ®[111);
)

= [t satisfies the symmetries common with (gapless) KSL.

- Lattice translation
- Ce lattice rotation (+ spin rotation)
- Reflection + Times reversal

@ |t Is vortex free, and therefore nonmagnetic.

& [t shows the same criticality with KSL.

* One can consider LGS as the simplest example of KSL.

(It might be similar to the case of AKLT sate against the Haldane phase.)



Systematic improvement of LGS

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

Energy of LGS for the Kitaev model: #=- ) 7,575

77<7:7j>’7

When we calculate the energy of LGS, it is

(LGS|H|LGS)
E = ~ —(.1634 Eeract >~ —0.19682
LGSLGS) 0.16349 H " 0.1968

Large discrepancy

Is Is possible to improve the energy without spoiling nice properties of LGS?

* Yes! We can systematically construct
a family of LGS by using tensor network.



Dimer gas operator

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

zyk ZRzyk Rss

ijk — k 1,7,k =0,1

Rpa(9) = tTrHRiajaka(gb) 0}_0 _ 1}—0
— Z (tan(¢))"¢ Q¢ : :

0
Gelp 0}1 — tan(¢)o¥ }— tan(¢)

—

= (0 &0 & @ J o

* We can show [Rpa(é),Qral =0

, and it satisfies all symmetries same with LGO.

S0, application of DG operator does not spoil the properties of LGO.




String gas states: energies

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

nth-order string gas state (SGS)

V) = HRDG(¢i) LGS)

# of parameters 0 1 2
E/J -0.16349 -0.19643 -0.19681 -0.19682
AE/Eex 0.17 0.02 0.0007 -

By using only two variational parameters,
We can obtain very accurate energy.

v

By LGS and SGS, we can accurately represent the
gapless Kitaev spin liquid qualitatively and quantitatively!




LGS for chiral spin I|O|U|ds

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRB 101, 035140 (2020)

Star lattice

Kitaev model on the star lattice

/

i Ay V S AV AV
E E 0, G, ,

(ij)ey (lj>€)//

Ground state is a chiral spin liquid.

J/J = tan
/ ¢ Energy
non-Abelian : Abelian Y
egact] e :(c) [Wo)
-0.38 ¢ :
o |¢0> : I092
o ¥,
0.4 : L dB[%)
o
0.42 | —
_O 44 . .......... Oe) O|25 | 05 |Og | | B | | | B |
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LGS as initial states: KGG' model

H.-Y. Lee, R. Kanako, et al, Nat. Commun. 11, 1639 (2020).

By using LGS as the initial states,
we determined the phase diagram of KGG model accurately.

Although the nature of NP7 and NP2 states have not been clear.
(They break rotational symmetry spontaneously.)

Cf. M. Gohlke et al., Phys. Rev. Research 2, 043023 (2020).
They seem to be adiabatically connected to classical state...
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ITPS phase diagram is qualitatively consistent with the ED.

- Around A=0, a Kitaev spin liquid phase is clearly stabilized.
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